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Wc present a review of the basic ideas and techniques of the spectral density functional theory 
which are currently used in electronic structure calculations of strongly-correlated materials where 
the one— electron description breaks down. We illustrate the method with several examples where 
interactions play a dominant role: systems near metal-insulator transition, systems near volume 
collapse transition, and systems with local moments. 
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Theoretical understanding of the behavior of mate- 
rials is a great intellectual challenge and may be the 
key to new technologies. We now have a firm un- 
derstanding of simple materials such as noble metals 
and semiconductors. The conceptual basis characteriz- 
ing the spectrum of low-lying excitations in these sys- 
tems is_weU_estaMish£^ Landau Fermi liquid the- 
ory l|Pines and Noziere^ . Il966j) . We also have quantita- 
tive techniques for computing ground states properties. 
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such as the density functional theory (DFT) in the lo- 
cal density a nd generalized gradient appro ximation (LDA 
and GGA) l|Lundavist and MarchI 1198,"^ . These tech- 
niques also can be successfully used as starting points 
for perturbative compu tation of one-electron spectra, 
such as the GW method (|Arvasetiawan and Gunnarssoni 
119981) . 

The scientific frontier that one would like to explore 
is a category of materials which falls under the rubric 
of strongly-correlated electron systems. These arc com- 
plex materials, with electrons occupying active 3c?-, 4/- 
or 5/-orbitals, (and sometimes p- orbitals as in many 
organic comp ounds and in Bucky-balls-based materials 
l)Gunnarssoni ri997'l'l. The excitation spectra in these sys- 
tems cannot be described in terms of well-defined quasi- 
particles over a wide range of temperatures and frequen- 
cies. In this situation band theory concepts are not suffi- 
cient and new ideas such as those of Hubbard bands and 
narrow coherent quasiparticle bands are needed for the 
description of the electronic struc ture. l|Georges et al\ . 
ll99fiHKotUar and VoUha^. l2004^ . 

Strongly correlated electron systems have frustrated 
interactions, reflecting the competition between differ- 
ent forms of order. The tendency towards delocalization 
leading to band formation and the tendency to localiza- 
tion leading to atomic like behavior is better described 
in real space. The competition between different forms 
of long-range order (superconducting, stripe-like density 
waves, complex forms of frustrated non-coUinear mag- 
netism etc.) leads to complex phase diagrams and exotic 
physical properties. 

Strongly correlated electron systems have many un- 
usual properties. They are extremely sensitive to small 
changes in their control parameters resulting in large re- 
sponses, tendencies to phase separation, and formation 
of com plex patterns in chemically inhomogeneous situa- 
tions llMathur and LittlewoodL l2003t iMiUisl l2003|) . This 
makes their study challenging, and the prospects for ap- 
plications particularly exciting. 

The promise of strongly-correlated materials contin- 
ues to be realized experimentally. High superconducting 
transition temperatures (above liquid Nitrogen temper- 
atures) were totally unexpected. They were realized in 
materials containing Copper and Oxygen. A surprisingly 
large dielectric constant, in a wide range of tempera- 
ture was recently found in Mott insulator CaCu3Ti40i2 
()Lixin et aZ.U200^ . Enormous mass renormalizations are 
realized in systems containing rare earth and ac tinide el- 
ements, the so-called heavy fermion systems ()Stewartl 
I2OOI1') . Their large orbital degeneracy and large effec- 
tive masses give exceptionally large Scebeck coefficients, 
and have the potential for being useful thermoelectrics in 
the low-temperature region ( Sales et ai , 199(^ . Colossal 
magnetoresistance, a dramatic sensitivity of the resistiv- 
ity to applied magnetic fields, was discovered recently 
llTokuraL Eml in many materials including the proto- 
typical La^^Sri-^MnOa. A gigantic non-linear optical 
susceptibility with an ultrafast recovery time was discov- 



ered in Mott insulating chains (jOeasawara et ail . |2000() . 

These non-comprehensive lists of remarkable materials 
and their unusual physical properties are meant to illus- 
trate that discoveries in the areas of correlated materials 
occur serendipitously. Unfortunately, lacking the proper 
theoretical tools and daunted by the complexity of the 
materials, there have not been success stories in predict- 
ing new directions for even incremental improvement of 
material performance using strongly-correlated systems. 

In our view, this situation is likely to change in the 
very near future as a result of the introduction of a prac- 
tical but powerful new many body method, the Dynam- 
ical Mean Field Theory (DMFT). This method is based 
on a mapping of the full many body problem of solid 
state physics onto a quantum impurity model, which is 
essentially a small number of quantum degrees of freedom 
embe dded in a bath that obeys a self consistency condi- 
tion ijGeorges and Kotliailll99^ . This approach, offers 
a minimal description of the electronic structure of cor- 
related materials, treating both the Hubbard bands and 
the quasiparticle bands on the same footing. It becomes 
exact in the limit of infinite lattice coordination intro- 
duced in the pioneering work of Metzner and VoUhardt 
l|Metzner and Vollhardtlll989[l . 

Recent advances (lA nisimo v et al I Il997at 

iLichtenstein and Katsnelsonlll99^TT998|) have combined 
dyna m ical mean- field theory (DMF T) ^Georges et all 
Il99fit iKotliar and Vollhardtl. 



structure 
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velopments, combined 
with increasing computational power and novel al- 
gorithms, offer the possibility of turning DMFT into 
a useful method for computer aided material design 
involving strongly correlated materials. 

This review is an introduction to the rapidly develop- 
ing field of electronic structure calculations of strongly- 
correlated materials. Our primary goal is to present some 
concepts and computational tools that are allowing a 
first-principles description of these systems. We review 
the work of both the many-body physics and the elec- 
tronic structure communities who are currently making 
important contributions in this area. For the electronic 
structure community, the DMFT approach gives access 
to new regimes for which traditional methods based on 
extensions of DFT do not work. For the many-body 
community, electronic structure calculations bring sys- 
tem specific information needed to formulate interesting 
many-body problems related to a given material. 

The introductory section ^discusses the importance of 
ab initio description in strongly-correlated solids. We 
review briefly the main concepts behind the approaches 
based on model Hamiltonians and density functional the- 
ory to put in perspective the current techniques combin- 
ing DMFT with electronic structure methods. In the last 
few years, the DMFT method has reached a great degree 
of generality which gives the flexibility to tackle realis- 
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tic electronic structure problems, and we review these 
developments in Section^ This section describes how 
the DMFT and electronic structure LDA theory can be 
combined together. We stress the existence of new func- 
tionals for electronic structure calculations and review 
applications of these developments for calculating various 
properties such as lattice dynamics, optics and transport. 
The heart of the dynamical mean-field description of a 
system with local interactions is the quantum impurity 
model. Its solution is the bottleneck of all DMFT algo- 
rithms. In Section [nil we review various impurity solvers 
which are currently in use, ranging from the formally ex- 
act but computationally expensive quantum Monte Carlo 
(QMC) method to various approximate schemes. One of 
the most important developments of the past was a fully 
self-consistent implementation of the LDA-fDMFT ap- 
proach, which sheds new light on the mys terious prop- 
erties of Plutonium (|Savrasov et all l200l|) . Section IIVI 
is devoted to three typical applications of the formal- 
ism: the problem of the electronic structure near a Mott 
transition, the problem of volume collapse transitions, 
and the problem of the description of systems with local 
moments. We conclude our review in Section Some 
technical aspects of the implementations as well as the 
description of DMFT codes are provided in the online 
notes to this review (see Appendix IB|| . 



A. Electronic structure of correlated systems 

What do we mean by a strongly-correlated phe- 
nomenon? We can answer this question from the per- 
spective of electronic structure theory, where the one- 
electron excitations are well-defined and represented as 
delta-function-like peaks showing the locations of quasi- 
particles at the energy scale of the electronic spectral 
fimctions (Fig.^a)). Strong correlations would mean the 
breakdown of the effective one-particle description: the 
wave function of the system becomes essentially many- 
body-like, being represented by combinations of Slater 
determinants, and the one-particle Green's functions no 
longer exhibit single peaked features (Fig. ^(b)). 

The development of methods for studying strongly- 
correlated materials has a long history in condensed mat- 
ter physics. These efforts have traditionally focused on 
model Hamilton ians using techniques s uch a s diagram- 
matic methods (|Bickers and Scalapinoll 19891). quantum 
Monte Carlo simulations llJarrelTanTT^ubernaM g^^^gGl), 
exact diagonalization for finite-size clusters l^^agotto . 
Il994j) , density ma t rix renormaliza,tion group meth- 
ods (lU. SchoUwockl l20n,'Tt IWhitei I1992D and so on. 
Model Hamiltonians are usually written for a given 
solid-state system based on physical g r ounds. De- 
velopment of LDA-I-U (lAnisimov et all Il997bl) and 
self-i n teraction corr e cted ( SIC) ijSvane and Gunnarssonl 
119901: ISzotek et oil Il993^ methods, many-body per- 
turbati ye approaches based on GW and its exten- 
sions (jArvasetiawan and Gunnarssonl Il998|) . as well 



ImG(k,co) 




FIG. 1 Evolution of the non-interacting spectrum (a) into 
the interacting spectrum (b) as the Coulomb interaction in- 
creases. Panels (a) and (b) correspond to LDA-like and 
DMFT-like solutions, respectively. 



as the time-d ependent ve r sion o f the density func- 
tional theory ijGross et all \199(^ have been carried 
out by the electronic structure community. Some of 
these techniques are already much more complicated 
and time-consuming compared to the standard LDA 
based algorithms, and therefore the real exploration 
of materials is frequently performed by simplified ver- 
sions utilizing approximations suc h as the plasmon-pole 
form for the dielectric function jHvbertsen and Louiel 
Il986l). omitting the self-consiste ncy within GW 
ijArvasetiawan and Gunnarssonlll998l) or assuming lo cal- 
itv of the GW self-energv ijZein and Antropovl l2002|) . 

The one-electron densities of states of strongly 
correlated systems may display both renormalized 
quasip articles and atom i c-like states simultane - 
ously l|Georges and Kothaii Il992l: IZhang et oil Il99.'^ . 
To treat them one needs a technique which is able 
to treat quasi-particle bands and Hubbard bands on 
the same footing, and which is able to interpolate 
between atomic and band lim its. Dynamical mean-field 
theory ijCeorges et all Il996() is the simplest approach 
which captures these features; it has been extensively 
developed to study model Hamiltonians. Fig. |21 shows 
the development of the spectrum while increasing the 
strength of Coulomb interaction U as obtained by 
DMFT solution of the Hubbard model. It illustrates 
the necessity to go beyond static mean-field treatments 
in the situations when the on-site Hubbard U becomes 
comparable with the bandwidth W. 

Model Hamiltonian based DMFT methods have suc- 
cessfully described regimes U/W ^ 1. However 
to describe strongly correlated materials we need to 
incorporate realistic electronic structure because the 
low-temperature physics of systems near localization- 
delocalization crossover is non-universal, system specific, 
and very sensitive to the lattice structure and orbital de- 
generacy which is unique to each compound. We be- 
lieve that incorporating this information into the many- 
body treatment of this system is a necessary first step be- 
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FIG. 2 Local spectral density at T = 0, for several values of 
U , obtaine d by the iterated p erturbation theory approxima- 
tion (from ijZhang et aLLIl99,^ 1. 



fore more general lessons about strong-correlation phe- 
nomena can be drawn. In this respect, we recall that 
DFT in its common approximations, such as LDA or 
GGA, brings a system specific description into calcu- 
lations. Despite the great success of DFT for study- 
ing weakly correlated solids, it has not been able thus 
far to address strongly-correlated phenomena. So, we 
see that both density functional based and many-body 
model Hamiltonian approaches are to a large extent com- 
plementary to each other. One-electron Hamiltonians, 
which are necessarily generated within density functional 
approaches (i.e. the hopping terms), can be used as in- 
put for more challenging many-body calculations. This 
path has be en undertaken in a fir st paper of Anisi- 
mov et al. llAnisimov et alV Il997a|) which introduced 
the LDA-I-DMFT method of electronic structure for 
strongly-correlated systems and applied it to the photoe- 
mission spectrum of Lai_2,Sr2,Ti03. Near the Mott tran- 
sition, this system shows a number of fea tures incompat- 
ible w ith the one-electron description ijFuiimori et al\ . 
ll992aD . The electronic structure of Fe has been shown to 
be in better agreement wi th experiment within DMFT 
in compari son with LDA ijLichtenstein and Katsnelsonl 
Il997lll99^ . The photoemission spec trum near the Mot t 
transition in V2O3 has been studied 
as well as issues connected to the finit e temperature mag- 
netism of Fc and Ni were explored ijLichtenstein et M . 

l2nniD . 

Despite these successful developments, we also would 
like to emphasize a more ambitious goal: to build a 
general method which treats all bands and all electrons 
on the same footing, determines both hoppings and in- 
teractions internally using a fully self-consistent proce- 
dure, and accesses both energetics and spectra of cor- 
related materials. T hese efforts have bee n undertaken 
in a series of papers ijChitra and Kotliarl ipOOa, 2001]) 
which gave us a functional description of the problem in 
complete analogy to the density functional theory, and 



its self-c onsistent implementat i on is illustrated on Plu- 
toniu m ijSavrasov and Kotliail l2004at ISavrasov et alV 
I2OOID . 

To summarize, we see the existence of two roads in 
approaching the problem of simulating correlated ma- 
terials properties, which we illustrate in Fig. To 
describe these efforts in a language understandable by 
both electronic structure and many-body communities, 
and to stress qualitative differences and great similari- 
ties between DMFT and LDA, we start our review with 
discussing a general many-body framework based on the 
effective action approach t o strongly-correlated systems 
l)Chitra and Kothail I200H) . 



Crystal structure + 
Atomic positions 



Model Hamiltonian 



Correlation Functions, Total 
Energies, etc. 




FIG. 3 Two roads in approaching the problem of simulating 
correlated materials properties. 



B. The effective action formalism and the constraining field 

The effective action formalism, which utilizes func- 
tional Legendre transformations and the inversion 
method (for a comprehensive review see (|Fukuda et al\ . 
Il99fj) . also see online notes), allows us to present a uni- 
fied description of many seemingly different approaches 
to electronic structure. The idea is very simple, and has 
been used in other areas such as quantum field theory and 
statistical mechanics of spin systems. We begin with the 
free energy of the system written as a functional integral 



exp(-i^) = / D[V'^V]e 



(1) 



where F is the free energy, 
Hamiltonian, and ^ 



S is the action for a 
given Hamiltonian^ and is a Grassmann variable 
ijNeeele and Orlandl Il99^ . One then selects an observ- 
able quantity of interest A, and couples a source J to the 
observable A. This results in a modified action S + J A, 
and the free energy F[J] is now a functional of the source 
J. A Legendre transformation is then used to eliminate 
the source in favor of the observable yielding a new func- 
tional 



r[^] = F[J[A]] - AJ[A] 



(2) 



T[A\ is useful in that the variational derivative with re- 
spect to A yields J. We are free to set the source to zero, 
and thus the the extremum of T[A\ gives the free energy 
of the system. 
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The value of the approach is that useful approxi- 
mations to the functional T[A] can be constructed in 
practice using the inversion method, a powerful tech- 
nique introduced to derive the TAP (Thoulcss, Anderson 
and Pal mer) equations in spin glasses by (i|Plefkal Il982|) 
and by ijPukudal . Il988tl to investi gate chiral syrnmetry 



igat 

breaking in QCD (see also Refs. jP ukuda et al^ 

[Georges and YedidiaL llQQlbt iQpper and Winthei , 

lYedidiaLl20n'llr r The approach consists in carrying out a 
systematic expansion of the functional T[A\ to some or- 
der in a parameter or coupling constant A. The action is 
written as 5* = 5*0 + A5i and a systematic expansion is 
carried out 



1994; 



2001 



J[A]^MA]+XJM] 



(3) 



(4) 



A central point is that the system described by So + 
AJq serves as a reference system for the fully interacting 
problem. It is a simpler system which by construction, 
reproduces the correct value of the observable A, and 
when this observable is properly chosen, other observ- 
ables of the system can be obtained perturbatively from 
their values in the reference system. Hence Sq -\- AJq is 
a simpler system which allows us to think perturbatively 
about the physics of a more complex problem. Jo[A\ is 
a central quantity in this formalism and we refer to it as 
the "constraining field". It is the source that needs to 
be added to a reference action 5*0 in order to produce a 
given value of the observable A. 

It is useful to split the functional in this way 

r[A] = ro[A] + Ar[^] (5) 

since Pq [-A] — Fq [Jo] ~ AJq we could regard 



P[A Jo] - i^o[Jo] - ^Jo + AP[A] 



(6) 



as a functional which is stationary in two variables, the 
constraining field Jq and A. The equation ~ Jo[^]j 
together with the definition of Jo [A\ determines the exact 
constraining field for the problem. 

One can also use the stationarity condition of the 
functional © to express A as a functional of Jq and 
obtain a functional of the constraining field alone (ie. 
r[Jo] = r[A[Jo], Jo]). In the context of the Mott transi- 
tion problem, this approach allowed a clear understand- 
ing of the analytical properties of the f ree energy unde r- 
lying the dynamical mean field theory l|Kc )tha,Till999ah . 

AP can be a given a coupling constant integration rep- 
resentation which is very useful, and will appear in many 
guises through this review. 



J(A),A 



(7) 



Pinally it is useful in many cases to decompose AP = 
Eji + *&xci by isolating the Hartree contribution which 
can usually be evaluated explicitly. The success of the 
method relies on obtaining good approximations to the 
"generalized exchange correlation" functional '^xc- 

In the context of spin glasses, the parameter A 
is the inverse temperature and this approach leads 
very naturally to the TAP free energy. In the con- 
text of density functional theory, A is the strength 
of the electron-electron interactions as parameter- 
ized by the charge of the electron, and it can be 
used to present a very transpar ent derivation of the 
density functional approa ch llArgaman and Makov 
S IChitraandKotli^ l2nnnat iFuknda 



1^ 



|^m^^.a,n^^^ 

lrTeorge.4 '2002^ 



Sa vrasov and Kotliail ]20(^ ; 
Valiev and Fernandoi . .1997.) . The central point is that 
the choice of observable, and the choice of reference 
system (i.e. the choice of 5*0 which determines Jo) 
determine the structure of the (static or dynamic ) mean 
field theory to be used. 

Notice that above we coupled a source linearly to the 
system of interest for the purpose of carrying out a Leg- 
endre transformation. It should be noted that one is free 
to add terms which contain powers higher than one in the 
source in order to modify the stability conditions of the 
functional without changing the properties of the saddle 
points. This freedom has been used to obtain function- 
als w ith better stability properties ijChitra and Kotlia^ 
1200 ID . 

We now illustrate these abstract considerations on a 
very concrete example. To this end we consider the 
full many-body Hamiltonian describing electrons mov- 
ing in the periodic ionic potential Vext(y) and interact- 
ing among themselves according to the Coulomb law: 
vc{y — t') = e^/|r — r'|. This is the formal starting point 
of our all-electron first-principles calculation. So, the 
"theory of everything" is summarized in the Hamiltonian 

H = Y. f *V'+(r)[-v' + Vextir) - fi]Mr) (8) 

+ ^E/ c?rrfr'V'+(r)7^+(r')z;c(r-r')V.'(r')V'<x(r). 

Atomic Rydberg units, h ~ l,?Tie = 1/2, are used 
throughout. Using the functional integral formulation 
in the imaginary time-frequency domain it is translated 
into the Euclidean action S 



S 



J drHir), 



(9) 



where x = (rrcr). We will ignore relativistic effects in 
this action for simplicity. In addition the position of the 
atoms is taken to be fixed and we ignore the electron- 
phonon interaction. We refer the reader to several papers 
add ressing that issue jPreericks et all Il993t iMillis et all 

The effective action functional approach 
l|Chitra and Kotliail l200l[l allows one to obtain the 
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free energy F of a solid from a functional F evaluated 
at its stationary point. The main question is the choice 
of the functional variable which is to be extremized. 
This question is highly non-trivial because the exact 
form of the functional is unknown and the usefulness 
of the approach depends on our ability to construct 
good approximations to it, which in turn depends on 
the choice of variables. At least two choices are very 
well-known in the literature: the exact Green's function 
as a variable which gives rise to the Baym-Kadanoff 
(BK) theory l|Bavml Il962t iBavm and Kadanofl Il96l|) 
and the density as a variable which gives rise to the 
density functional theory. We review both approaches 
using an effective action point of view in order to 
highlight similarities and differences with the spectral 
density functional methods which will be presented on 
the same footing in Section UTI 



1. Density functional theory 

Density functional theory in the Kohn-Sham formu- 
lation is one of the basic tools for studying weakly- 
interacting electronic systems and is widely used by the 
electronic structure community. We will review it us- 
ing the effective action approach, which was introduced 
in this context by Fukuda tArgamaii and Makov. 2000t 
iFukuda all . Il994t FValiev and Fernandalll997|) . 

• Choice of variables. The density of electrons p(r) is 
the central quantity of DFT and it is used as a physical 
variable in derivation of DFT functional. 

• Construction of exact functional. To construct 
the DFT functional we probe the system with a time- 
dependent source field J(x). This modifies the action of 
the system Q as follows 



S'[J] = S + j dx.J{x)^+{x)^{x). 



(10) 



The partition function Z becomes a functional of the 
auxiliary source field J 

Z[J] = cxp{-F[J]) = f D[i;^^]e-'^'^-^l (11) 



The effective action for the density, i.e., the density func- 
tional, is obtained as the Legendre transform of F with 
respect to p{x) 



(12) 



TDFT[p]^F[J]-TTiJp), 

where trace Tr stands for 
T.(.7rf./..,7,.M.,=TX:/<irJ(,,„Mr.„,. 

(13) 

From this point forward, we shall restrict the source to 
be time independent because we will only be construct- 
ing the standard DFT. If the time dependence where 
retained, one could formulate time-dependent density 



functional theory (TDFT). The density appears as the 
variational derivative of the free energy with respect to 
the source 



p{x) 



5F 
SJ{x) ' 



(14) 



• The constraining field in DFT. We shall demonstrate 
below that, in the context of DFT, the constraining field 
is the sum of the well known exchange-correlation poten- 
tial and the Hartree potential Vxc + Vr , and we refer to 
this quantity as Vint. This is the potential which must 
be added to the non-interacting Hamiltonian in order to 
yield the exact density of the full Hamiltonian. Mathe- 
matically, Vint is a functional of the density which solves 
the equation 



p(r) = T ^ (r I [zo; + /i + V2 - V.^t (r) - V^m (r)] | r) e 

(15) 

The Kohn-Sham equation gives rise to a reference sys- 
tem of non-interacting particles, the so called Kohn- 
Sham orbitals i/itj which produce the interacting density 



[-V2 + VKs(r)]^kj(r) = ekjV'kj(r), 



(16) 



p(r) = 5^/k,^:,(r)V'kj(r). (17) 

kj 

Here the Kohn-Sham potential is Vks = Vext + ^mt, 
Ekj, '0ki(r) are the Kohn-Sham energy bands and wave 
functions, k is a wave vector which runs over the first 
Brillouin zone, j is band index, and /kj = l/[exp(ekj — 
fi) /T + 1] is the Fermi function. 

• Kohn-Sham Green's function. Alternatively, the 
electron density can be obtained with the help of the 
Kohn-Sham Green's function, given by 

G-k\{v, r', iu) = Go-i(r, r', ilu) - Vnt{v)5{v - r'), (18) 
where Go is the non-interacting Green's function 

Go \r, t',iuj) = 5{y - T')[iuj + /i + - ^.^(r)], (19) 
and the density can then be computed from 

p(r)=T^GKs(r,r,zc.)e^-o+. (20) 

iuj 

The Kohn-Sham Green's function is defined in the en- 
tire space, where T^mt(r) is adjusted in such a way 
that the density of the system p{v) can be found from 
Gif5(r, r', iw). It can also be expressed in terms of the 
Kohn-Sham particles in the following way 



n , ' ■ ^ ^V'k,(r)^i:,.(r') 
GK5(r,r',ztj) = 



kj 



iLu + p, — ekj 



(21) 
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• Kohn-Sham decomposition. Now we come to the 
problem of writing exact and approximate expressions 
for the functional. The strategy consists in perform- 



charge (IChitra and KotHail l200ll 


Fukuda et all 


1994 


Georffefll2002HGeorffes and Yedidia 


.h991aUPlefl<al 


1982 


Valiev and Fernandolll99^. The Kohn-Sham decomoo- 



sition consists of splitting the functional into the zeroth 
order term and the remainder. 



r_DFT(p) = r_DFT(p, = 0) + Ar_DFT(p)- 



(22) 



This is equivalent to what Kolm and Sham did in their 
original work. In the first term, = only for the 
electron-electron interactions, and not for the interaction 
of the electron and the external potential. The first term 
consists of the kinetic energy of the Kohn-Sham parti- 
cles and the external potential. The constraining field 
Jo (see Eq. (@J) is Vint since it generates the term that 
needs to be added to the non-interacting action in order 
to get the exact density. Furthermore, functional integra- 
tion of the Eq. m gives F[Vnt] = -Trln[Go ^ - V„u] 
ijNeeele and Orlandl Il998j) and from Eq. ^ it follows 
that 

ToFTip, = 0) = Kdft[Gks] = (23) 
-Trln(Go-i - Vm[Gks]) - Tr iV„u[G k s]G k s) ■ 

The remaining part AT]jpt{p) is the interaction energy 
functional which is decomposed into the Hartree and 
exchange-correlation energies in a standard way 



AToFTip) = Eh[p] + <i>DFT[p]- 



(24) 



^''"dftIp] at zero temperature becomes the standard ex- 
change correlation energy in DFT, Exdp]- 

• Kohn-Sham equations as saddle-point equations. 
The density functional TupTip) can be regarded as a 
functional which is stationary in two variables Vint and 
p. Extremization with respect to Vint leads to Eq. (|18|l . 
while stationarity with respect to p gives Vint — 6AT/Sp, 
or equivalently. 



VKs[p]{r) = Ve,.t{r^) + Vnt[p]{r) 

= K.t(r)-fl/H[p](r) + -l4,[p](r), 



(25) 



where Vxcij) is the exchange-correlation potential given 

by 



6p{r) 



(26) 



Equations and along with Eqs. and lfTH|) 
or, equivalently, p6() and (|17|l form the system of equa- 
tions of the density functional theory. It should be noted 
that the Kohn-Sham equations give the true minimum of 
^dft{p), and not only the saddle point. 

• Exact representation for ^j^p^- The explicit form 
of the interaction functional ^^prp[p] is not available. 
However, it may be defined by a power series expansion 



which can be constructed order by order using the in- 
version method. The latter can be given, albeit com- 
plicated, a diagrammatic interpretation. Alternatively, 
an expression for it involving integration by a coupling 
const ant Ae^ can be obtained using the Harris- Jones for- 
mula dOeorge^ l2nn2HCunna,rssoTi and Lundnvisd ll 97 ' 



I 



iHarris and Jonesl 119741 iLangreth and Perdewl Il97 

One considers TdftIp, ^] at an arbitrary interaction A 
and expresses it as 



DFT 



dX 



dTppTjp, A] 
dX 



(27) 



Here the first term is simply Kp)pt[Gks] as given by 
(|23|l which does not depend on A. The second part is 
thus the unknown functional ^jjpTip]- The derivative 
with respect to the coupling constant in H27|l is given by 
the average {tp~^{x)ijj~^{x')ip{x')ip{x)) = II\{x,x' ,iuj)+ 
(ip~^{x)ip{x)){'tlj~^ {x')iIj{x')) where Il\{x,x') is the 
density-density correlation function at a given interac- 
tion strength A computed in the presence of a source 
which is A dependent and chosen so that the density of 
the system was p. Since {ip'^ (x)ip(x)) = p{x), one can 
obtain 



^dftIp] ^Eh[p]+J2[ dW r dX^^^^^^. 

iuj Oil 

(28) 

This expression has been used to cons truct more ac- 
curat e exchange correlation functionals ijPobson et al\ . 

[1113). 

• Approximations. Since *&f)FT[p] ^^^^ known ex- 
plicitly some approximations are needed. The LDA as- 
sumes 



<^dft[p\ 



p{v)exc[p{Y)]dx 



(29) 



where ea;c[/3(r)] is the exchange-correlation energy of 
the uniform electron gas, which is easily parameterized. 
Veff is given as an explicit function of the local den- 
sity. In practice one frequent l y use s the analytical for- 
mula e dvon Barth and Hedinl . Il972t iG unnarss on et al\ 
1976t iMoruzzi et all Il978t iPerdew and Yud . 11993 
Vosko et all Il980(l . The idea here is to fit a func- 
tional form to quantum Mo nte Carlo (QMC) calculations 
(ICeperlev and Aldeil Il98nl) . Gradient corrections to the 
LDA have been wor ked out by Perdew and coworkers 
(|Perdew et all Il996j) . They are also frequently used in 
LDA calculations. 

• Evaluation of the total energy. At the saddle point, 
the density functional F p) pp delivers the total free energy 
of the system 

F = Tr In Gks - Tr (Vmp) + Eh [p] + $LVt [p] , (30) 

where the trace in the second term runs only over spatial 
coordinates and not over imaginary time. If temperature 
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goes to zero, the entropy contribution vanishes and the 
total energy formulae is recovered 



-Ef,W[p]- (31) 



• Assessment of the approach. From a conceptual 
point of view, the density functional approach is radi- 
cally different from the Green's function theory (See be- 
low). The Kohn-Sham equations (|16() . H17|l describe the 
Kohn-Sham quasiparticles which arc poles of Gks 
arc not rigorously identifiable with one-electron excita- 
tions. This is very different from the Dyson equation 
(see below Eq. (|41|l ') which determines the Green's func- 
tion G, which has poles at the observable one-electron 
excitations. In principle the Kohn-Sham orbitals are a 
technical tool for generating the total energy as they al- 
leviate the kinetic energy problem. They are however 
not a necessary element of the approach as DFT can 
be formulated without introducing the Kohn-Sham or- 
bitals. In practice, they are also used as a first step 
in perturbativc calculations of the one-electron Green's 
function in powers of screened Coulomb interaction, as 
e.g. the GW method. Both the LDA and GW meth- 
ods are very successful in many materials for which the 
standard model of solids works. However, in correlated 
electron system this is not always the case. Our view 
is that this situation cannot be remedied by either us- 
ing more complicated exchange- correlation functionals 
in density functional theory or adding a finite number 
of diagrams in perturbation theory. As discussed above, 
the spectra of strongly-correlated electron systems have 
both correlated quasiparticle bands and Hubbard bands 
which have no analog in one-electron theory. 

The density functional theory can also be formulated 
for the model Hamiltonians, the concept of density being 
replaced by the diagonal part of the density matrix in a 
site representation. It was tested in the context of the 
Hubbard model bv llHess and Sereii3 . Il999t iLima et'oH . 
l2002HSchonhammer et al\ . \l99^ . 



2. Baym-Kadanoff functional 



The Baym-Kad an off functional ijBavml Il962t 
iBavm and KadaiioS Il96l|) gives the one-particle 
Green's function and the total free energy at its sta- 
tionary point. It has been derived in many p apers 
starting from lldeDominicis and Martini Il964alb() and 



llCornwall et all Il974i) (see als o l)Chitra and KotliaR 
l2000al l200lt iGeorgesl l2004albD ') using the effective 
action formalism. 

• Choice of variable. The one-electron Green's func- 
tion G(a;, a;') = —{Trip{x)ip'^{x')), whose poles determine 
the exact spectrum of one-electron excitations, is at the 
center of interest in this method and it is chosen to be 
the functional variable. 

• Constructio n of exact functional. As it has 
been emphasized (|Chitra and KotliaRl200l|l . the Baym- 
Kadanoff functional can be obtained by the Legendre 



transform of the action. The electronic Green's func- 
tion of a system can be obtained by probing the system 
by a source field and monitoring the response. To obtain 
Ts/f [G] we probe the system with a time-dependent two- 
variable source field J{x,x'). Introduction of the source 
J{x,x') modifies the action of the system in the fol- 
lowing way 



S'[J]^S+ / dxdx'J{x,x')ip+{x)ip{x'). 



(32) 



The average of the operator tp'^ {x)tp{x') probes the 
Green's function. The partition function Z, or equiva- 
Icntly the free energy of the system F, becomes a func- 
tional of the auxiliary source field 



Z[J] ^exp{-F[J]) = J D[V'+V]e"'^'f'^l. 



(33) 



The effective action for the Green's function, i.e., the 
Baym-Kadanoff functional, is obtained as the Legendre 
transform of F with respect to G{x,x') 



rBA-[G] =F[J]-Tr(JG), 



(34) 



where we use the compact notation Tr( JG) for the inte- 
grals 



Tr ( JG) = / dxdx'J{x,x')G{x',x). 



Using the condition 



G{x,x') 



SF 



5J{x' ,x) ' 



(35) 



(36) 



to eliminate J in H34|) in favor of the Green's function, 
we finally obtain the functional of the Green's function 
alone. 

• Constraining field in the Baym-Kadanoff theory. 
In the context of the Baym-Kadanoff approach, the 
constraining field is the familiar electron self-energy 
Si„t(r, r', iw). This is the function which needs to be 
added to the inverse of the non-interacting Green's func- 
tion to produce the inverse of the exact Green's function, 
i.e.. 



G-\r,r',iLo) = Goi(r,r',iw) - S]„,t(r 



(37) 



Here Go is the non-interacting Green's function given 
by Eq. (|19|l . Also, if the Hartree potential is writ- 
ten explicitly, the self-energy can be split into the 
Hartree, Vff(r) = J ^(^(r — r')p(''')^''' ^''^d the exchange- 
correlation part, S2;c(r, r', iuj). 

Ultimately, having fixed Go the self-energy becomes a 
functional of G, i.e. S]i„4[G]. 

• Kohn-Sham decomposition. We now come to 
the problem of writing various contributions to the 
Baym-Kadanoff functional. This development paral- 
lels exactly what was done in the DFT case. The 
strategy consists of performing an expansion of the 
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functional TbkIG] in powers of the charge of elec- 



where Eg'^j^ 



(IChitra and KotUail I2OOII: iFukuda et a/ill 


994HGeorees 


2002, 


"2004a"b'; 


'Gcorees and Yedidial.ll991al 


iPlefkal 11982 


Vahev and Fernando, .19971). The zeroth order term is 



denoted K, and the sum of the remaining terms $, i.e. 

Tbk [G] = Kbk [G] + <Pbk [G] . (38) 

K is the kinetic part of the action plus the energy as- 
sociated with the external potential Vext- In the Baym- 
Kadanoff theory this term has the form 

Kbk[G] = rBx[G,e2 = 0]= (39) 
- Trln(Go-i - E,„t[G]) - Tr(E„,t [G]G) . 

• Saddle-point equations. The functional (|38|l can 
again be regarded as a functional stationary in two vari- 
ables, G and constraining field Jq, which is 'Smt in this 
case. Extremizing with respect to Smt leads to the 
Eq. H37|l . while extremizing with respect to G gives the 
definition of the interaction part of the electron self- 
energy 



J:int{r,r',iuj) 



S^bk[G] 
5G{r', r, ius) 



(40) 



Using the definition for Go in Eq. (|19|l . the Dyson equa- 
tion ^ can be written in the following way 

[V2-K..t(r)+^cJ + M]G(r,r^^c^) - (41) 

dr"l],„4( r,r",ic^)G(r",r',zc^) = ,5(r - r'). 



The Eqs. (|40|l and H41|l constitute a system of equations 
for G in the Baym-Kadanoff theory. 

• Exact representation for Unfortunately, the in- 
teraction energy functional ^bk[G] is unknown. One 
can prove that it can be represented as a sum of all 
two-particle irreducible diagrams constructed from the 
Green's function G and the bare Coulomb interaction. 
In practice, we almost always can separate the Hartree 
diagram from the remaining part the so called exchange- 
correlation contribution 



<i>BK[G] = Eh[p\ 



^bk[G]. 



(42) 



• Evaluation of the total energy. At the stationarity 
point, rBx[G] delivers the free energy E of the system 

E = Tr In G - Tr (S,„t G) + Eh [p] + [G] , (43) 

where the first two terms are interpreted as the kinetic 
energy and the energy related to the external potential, 
while the last two terms correspond to the interaction 
part of the free energy. If temperature goes to zero, the 
entropy part vanishes and the total energy formula is 
recovered 



l/2Tr(E^cG) (iFetter and Waleckai Il97l 
(See also online notes). 

• Functional of the constraining field, self-energy func- 
tional approach. Expressing the functional in Eq. H38|) 
in terms of the constraining field, (in this case S rather 
than the observable G) recovers the self-energy functiona l 
approach proposed by Potthoff (|Potthofl l2'003albl l2005|) . 



r[E] = -Trln[Go"' -S] 



(45) 



y[S] is the Lcgendre transform with respect to G of the 
Baym Kadanoff functional $ bk [G] . While explicit repre- 
sentations of the Baym Kadanoff functional $ are avail- 
able for example as a sum of skeleton graphs, no equiva- 
lent expressions have yet been obtained for Y\S\. 

• Assessment of approach. The main advantage 
of the Baym-Kadanoff approach is that it delivers the 
full spectrum of one-electron excitations in addition to 
the ground state properties. Unfortunately, the sum- 
mation of all diagrams cannot be performed explic- 
itly and one has to resort to partial sets of diagrams , 
such as the famous GW approximation l)Hedinl . Tl965() 
which has only been useful in the weak-coupling situ- 
ations. Resummation of diagrams to infinite order guided 
by the concept of locality, which is the basis of the Dy- 
namical Mean Field Approximation, can be formulated 
neatly as truncations of the Baym Kadanoff functional 
as will be shown in the following sections. 



E, 



tot 



-Tr(V2G) + Tr(K,tG) + Eh[p] + S|'k[G], (44) 



3. Formulation in terms of the screened interaction 

It is sometimes useful to think of Coulomb interaction 
as a screened interaction mediated by a Bose field. This 
allows one to define different types of approximations. 
In this context, using the locality approximation for irre- 
ducible quantities gives rise to the so-called Extended- 
DMFT, as opposed to the usual DMFT. Alternatively, 
the lowest order Hartree-Fock approximation in this for- 
mulation leads to the famous GW approximation. 

An independent variable of the functional is the 
dynamically scre e ned C oulomb int eraction W{y,y' ,iijj) 
llAlmbladh et al\ . Il999() see also (jChitra and Kotlian 
I2OOID . In the Baym-Kadanoff theory, this is done by 
introducing an auxiliary Bose variable coupled to the 
density, which transforms the original problem into a 
problem of electrons interacting with the Bose field. The 
screened interaction W is the connected correlation func- 
tion of the Bose field. 

By applying the Hubbard-Stratonovich transforma- 
tion to the action in Eq. @ to decouple the quartic 
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Coulomb interaction, one arrives at the following action 
S = J dx4>+{x) (9, - /i - v' + V,,t{x) + Vh{x)'^ ^x) 
+ — J dxdx' (j){x)vQ^ (x ^ x')(/){x') 
-ig j dx4>{x){i>+{x)i>{x) - {^P+{x)^P{x))s) (46) 



where 0(x) is a Hubbard-Stratonovich field, Vh{x) is the 
Hartree potential, g is a coupling constant to be set equal 
to one at the end of the calculation and the brackets 
denote the average with the action S. In Eq. (^BJ, we 
omitted the Hartree Coulomb energy which appears as 
an additive constant, but it will be restored in the full 
free energy functional. The Bose field, in this formulation 
has no expectation value (since it couples to the "normal 
order" term). 

• Baym-Kadanoff functional of G and W . Now we 
have a system of interacting fermionic and bosonic fields. 
By introducing two source fields J and K we probe the 
electron Green's function G defined earlier and the boson 
Green's function W — {Tr(j){x)(j){x')) to be identified with 
the screened Coulomb interaction. The functional is thus 
constructed by supplementing the action Eq. (|^ by the 
following term 



S'[J,K] 



dxdx' J{x, x')ilj\x)ij}{x') 
dxdx' K{x, x')4>{x)4>{x'). 



(47) 



The normal ordering of the interaction ensures that 
{4>{x)) = 0. The constraining fields, which appear as the 
zcroth order terms in expanding J and K (see Eq. Q), 
are denoted by and H, respectively. The zeroth or- 
der free energy is then 

Fo[I]„t, n] = -Tr {G^^ - S„„) + ^Tr [v^^ - H) , (48) 

therefore the Baym-Kadanoff functional becomes 

Tbk[G, W] = -Trln (G^^ - S„„) - Tr (S,;„tG) (49) 
+ iTrln {vc^ - H) + ^Tr (liW) + $bx[G, W]. 

Again, $bx[G, W\ can be split into Hartree contribution 
and the rest 



^BK [G, W] = Eh [p] + [G, W] . 



(50) 



The entire theory is viewed as the functional of both 
G and W. One of the strengths of such formulation 
is that there is a very simple diagrammatic interpre- 
tation for ^ bk\G,W]. It is given as the sum of all 
two-par ticle irreducible diagr ams constructed from G 
and W ()Cornwall et alV Il974(l with the exclusion of the 
Hartree term. The latter Eh[p\, is evaluated with the 
bare Coulomb interaction. 



• Saddle point equations. Stationarity with respect to 
G and Ei„t gives rise to Eqs. and (|S7|l . respectively. 
An additional stationarity condition 5Tbk /6W = leads 
to equation for the screened Coulomb interaction W 

W-\r,r',iuj) =wpi(r-r') -n(r,r',iw), (51) 

where function H(r, r', iw) = —2d'^BK/5W{r',r,iuj) is 
the susceptibility of the interacting system. 



4. Approximations 

The functional formulation in terms of a "screened" 
interaction W allows one to formulate numerous ap- 
proximations to the many-body problem. The sim- 
plest approximation consists in keeping the lowest or- 
der Hartree-Fock graph in the functional "^bkIG, W]. 
This is the celebrated GW a pproximation (jHedinl . [19651 
iHedin and Lundauistl. Il969j) (see Fig. To treat 

strong correlations one has to introduce dynamical 
mean field ideas, which amount to a restriction of 
the functionals ^bk^'^bk to the local part of the 
Greens function (see section |^. It is also natu- 
ral to restrict the correlation function of the Bose 
field W, which corresponds to including information 
about the four point function of the Fermion field 
in the self-consistency condition, and goes under the 



('EDMFTl iBrav and Moorel llQSOl: IChitra and 


Kotliar 


2OOII iKaiueteil 


1996a 


[ iKaiueter and Kotliai 




1996a 


Sachdev and Yd. 


119931 


ISeneuDta and Georeei 


11995 


Si and Smithl.ll99 


dlSmith and Sll200nll. 







This methodology has been useful in incorpo- 
rating effe cts of the long r ange C oulomb inter- 



actions 
the 



(|Chitra and Kotliail l2000b|) 

study of heavy fermion 



as 



well as 
criti- 



cal Doints. (jsi et. al. et alL 
and quantum spin glasses ( 


119991 \Sietall 
Brav and Moorel 


2001 
198f 


ISachdev and Yd. 1199,1 


ISengupta and Georgesl Il995l) 



More explicitly, in order to zero the off-diagonal 
Green's functions (see Eq. H54|l ) we introduce a set of 
localized orbitals ^Ra{r) and express G and W through 
an expansion in those orbitals. 

G(r,r',ic^)= ^ GRa.,R'(3ittoWRAr)'^R'liir'), (52) 

RR'af} 



W{r,r',iuj) = ^ WR,a,R20,B^3'f.RiS{^^)'X 

Ria,R2[i,R3-i,RiS 

^R,c{rWR,p{r')<^R.Ar')'^RAr)- (53) 

The approximate EDMFT functional is obtained by 
restriction of the correlation part of the Baym-Kadanoff 
functional '^bk to the diagonal parts of the G and W 
matrices: 



EDMFT — '^'bkIGrr, Wrrrr] 



(54) 
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FIG. 4 The Baym-Kadanoff functional $ for various approx- 
imations for electron-boson action Eq. 1461 . In all cases, the 
bare Hartree diagrams have been omitted. The first line shows 
the famous GW approximation where only the lowest order 
Hartree and Fock skeleton diagrams are kept. The second 
line corresponds to Extended-Dynamical Mean-Field Theory 
that sums up all the local graphs. Three dots represent all 
the remaining skeleton graphs which include local G and local 
W only. The combination of GW and EDMFT is straightfor- 
ward. All lowest order Fock graphs are included (local and 
nonlocal). The high er order graphs are restricted to one site 
only (adapted from l|Sun and Kotliaii 120021. l2004^ 1 . 



5. Model Hamiltonians and first principles approaches 

In this section we connect the previous sections vifhich 
were based on real r-space with the notation to be used 
later in the review which use local basis sets. We perform 
a transformation to a more general basis set of possibly 
non-orthogonal orbitals X(, (r) which can be used to rep- 
resent all the relevant quantities in our calculation. As 
we wish to utilize sophisticated basis sets of modern elec- 
tronic structure calculations, we will sometimes waive the 
orthogonality condition and introduce the overlap matrix 



0«' = (xdxe)- (55) 
The field operator ^'(2;) becomes 

€ 

where the coefficients are new operators acting in the 
orbital space {x(}- The Green's function is represented 
as 



The EDMFT graphs arc shown in Fig. 01 

It is straightforward to combine the GW and EDMFT 
approximations by keeping the nonlocal part of the ex- 
change graphs as well as the local parts of the correlation 
graphs (see Fig.^. 

The GW approximation derived from the Baym- 
Kadanoff functional is a fully self-consistent approxi- 
mation which involves all electrons. In practice some- 
times two approximations are used: a) in pscudopo- 
tential treatments only the self-energy of the valence 
and conduction electrons arc considered and b) instead 
of evaluating 11 and S self-consistently with G and 
W , one does a "one-shot" or one iteration approxima- 
tion where E and 11 are evaluated with Go, the bare 
Green's function which is sometimes taken as the LDA 
Kohn-Sham Green's function, i.e., S « S[G'o,Wo] and 
n = n[Go]. The validity of these approximations and 



G(r,r',r) 



ation was exolored in (lArnaud and Alouanll200fllHolm 


Il999^ 'Holm and von Barth', 


'1998': 'Hvbcrtscn and Louie 


[1985.: 


Tiago et at, 2003: W^c: 


Ku, 2002). The same issues 



At this point, the GW-hEDMFT has been fully 
imple mented on the one-band model Hamiltonian 
level ()Sun and Kotliaii l2002l |2004|) . A combination of 
GW and LDA-hDMFT was apphed to Nickel, where 
W in the EDMFT grap hs is approxima t ed b y the 

Hubbard t/. in Re fs. j Biermann et oil l200,^ ) and 

l|Arvasetiawan et aLU2004a : iBiermann et all 



2004) 



E 



(57) 



and the free energy functional Tbk as well as the in- 
teraction energy $ are now considered as functionals of 
the coefficients G^^i either on the imaginary time axis, 
G^5'(r) or imaginary frequency axis G^^i(iuj), which can 
be analytically continued to real times and energies. 

In most cases wc would like to interpret the orbital 
space {x^} as a general tight-binding basis set where 
the index ^ combines the angular momentum index Zm, 
and the unit cell index R, i.e., x?(r) = Xim(r ~ R-) = 
Xa{^ — R)- Note that we can add additional degrees 
of freedom to the index a such as multiple kappa ba- 
sis s ets of the linear muffin-tin orbital based methods 

fcrsen', '1975'; 'Andersen and JepsenL 119841 I Bloechl 
McthfcsscL 1988: .SavrasoTll99a Il996l IWevrid , 
. If more than one atom per unit cell is considered, 
index a should be supplemented by the atomic basis po- 
sition within the unit cell, which is currently omitted for 
simplicity. For spin unrestricted calculations a accumu- 
lates the spin index a and the orbital space is extended 
to account for the eigenvectors of the Pauli matrix. 

It is useful to write down the Hamiltonian containing 
the infinite space of the orbitals 



(58) 

where = (x^ | — -I- VextlXi') is the non-interacting 
Hamiltonian and the interaction matrix element is 
= {xdr)Xi'ir')\vc\xe'ir')Xi"'{r))- Using the 
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tight -binding interpretation this Hamihonian becomes 

a/3 RR' 



1 



E 



ap-iS RR'R"R"' 



RR'R"R"' + 



c1rCpr,Csr"'C^R", (59) 



where the diagonal elements h^^j^pn = can be inter- 
preted as the generalized atomic levels matrix e^°^ (which 
does not depend on R due to periodicity) and the off- 
diagonal elements h^^Rpwi^ ~ ^RR') the generalized 
hopping integrals matrix ^Ij*^^^/ • 



6. Model Hamiltonians 

Strongly correlated electron systems have been tradi- 
tionally described using model Hamiltonians. These are 
simplified Hamiltonians which have the form of Eq. H59fl 
but with a reduced number of band indices and some- 
times assuming a restricted form of the Coulomb inter- 
action which is taken to be very short ranged. The spirit 
of the approach is to describe a reduced number of de- 
grees of freedom which are active in a restricted energy 
range to reduce the complexity of a problem and increase 
the accuracy of the treatment. Famous examples are the 
Hubbard model (one band and multiband) and the An- 
derson lattice model. 

The form of the model Hamiltonian is often guessed on 
physical grounds and its parameters chosen to fit a set 
of experiments. In principle a more explicit construction 
can be carried out using tools such as screening canon- 
ical transformations first used by Bohm and Pines to 
eliminate the long range part of the Coulomb interaction 
l)Bohm and Finest Il95llll952lll953() . or a Wilsonian par- 
tial elimination (or integrating ou t) of the high-energy 
degrees of freedom (jWilsonl . |l975(l . However, these pro- 
cedures are rarely used in practice. 

One starts from an action describing a large number 
of degrees of freedom (site and orbital omitted) 



S-ic+c] = j dx {c+OdrC + H[c+c]) , 



(60) 



The transformation (|61|l generates retarded interactions 
of arbitrarily high order. If we focus on sufhciently low 
energies, frequency dependence of the coupling constants 
beyond linear order and non-linearities beyond quartic 
order can be neglected sin ce they are irre levant around 
a Fermi liquid fixed point ijShankail Il994|) . The result- 
ing physical problem can then be cast in the form of an 
effective model Hamiltonian. Notice however that when 
we wish to consider a broad energy range the full fre- 
quency dependence of the couplings has to be kept as 
demonstrated in an ex plicit approximate calculati on us- 
ing the GW method l|Arvasetiawan et aZ.l l2004bj) . The 
same ideas can be implemented using canonical transfor- 
mations and examples of approximate implementation of 
this program are provided by the meth od of cell per- 
turbation theory ijRaimondi et and the gener- 
alized tight-binding method (jOvchinnikov and Sandalovl 
I1989D . 

The concepts and the rational underlying the model 
Hamiltonian approach are rigorous. There are very 
few studies of the form of the Hamiltonians obtained 
by screening and elimination of high-energy degrees of 
freedom, and the values of the parameters present in 
those Hamiltonians. Notice however that if a form 
for the model Hamiltonian is postulated, any tech- 
nique which can be used to treat Hamiltonians approx- 
imately, can be also used to perform the elimination 
(I61|l . A considerable amount of effort has been de- 
voted to the evaluations of the screened Coulomb pa- 
rameter U for a given material. Note that this value 
is necessarily connected to the basis set representation 
which is used in deriving the model Hamiltonian. It 
should be thought as an effectively downfolded Hamil- 
tonian to take into account the fact that only the in- 
teractions at a given energy interval are included in the 
description of the system. More generally, one needs to 
talk about frequency-dependent interaction W which ap- 
pears for example in the GW method. The outlined 
questions have been addressed in many previous works 
(iDederichs et all 11984 iHvbertsen et all Il989t iKotan , 

IB " 



200(]HMcMahan et a/J.ll988HSpringer and Arvasetiawai , 



where the orbital overlap OaRjSR' appears and the Hamil- 
tonian could have the form Second, one divides the 
set of operators in the path integral in ch describing the 
"high-energy" orbitals which one would like to eliminate, 
and cl describing the low-energy orbitals that one would 
like to consider explicitly. The high-energy degrees of 
freedom are now integrated out. This operatio n defines 
the e ffective action for the low-energy variables ijWilsonL 



1 If 

— exp(-S'e//[cJcL]) = — / dcjjdcHCxp{-S[cjjclcLCH] 

(61) 



1998|) . Probably, one of the most popular methods here 
is a constrained density function al approach formulated 
with general projectio n operators ijDederichs et all\l984. 
iMeider and Springbo rg. 199^. First, one defines the or- 
bitals set which will be used to define correlated elec- 
trons. Second, the on-site density matrix defined for 
these orbitals is constrained by introducing additional 
constraining fields in the density functional. Evaluating 
second order derivative of the total energy with respect 
to the density matrix should in principle give us the ac- 
cess to Us. The problem is how one subtracts the ki- 
netic energy part which a ppears in thi s form ulation of 
the problem. Gunnarsson llGunnarssonl Il990t) and oth- 
ers (iFreeman et all fl987t iMcMahan and Martini ITgSSt 
iNorman'^n^^eemanl Il986j) have introduced a method 
which effectively cuts the hybridization of matrix ele- 
ments between correlated and uncorrelated orbitals elim- 
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inating the kinetic con tribution. This approac h was used 
by McMahan et al. (jMcMahan et all Il988|) in evalu- 
ating the Coulomb interaction parameters in the high- 
temperature superconductors. An al ternative method 
has b een used by Hybertsen et al. l)Hvbertsen et al\ . 
Il98fl^ who performed simultaneous simulations using the 
LDA and solution of the model Hamiltonian at the mean- 
field level. The total energy under the constraint of fixed 
occupancies was evaluated within both approaches. The 
value of U is adjusted to make the two calculations coin- 
cide. 

Much work has been done by the group of Anisi- 
mov who have performed evaluations of the Coulomb 
and exchange interactions for variou s systems such 
as N iO, MnO, CaCu02 and so on l)Anisimov et al\ . 
Il99l|) . Interestingly, the values of U deduced for 
such itinerant system as Fe can be as large as 
6 eV (|Anisimov and GunnarssonL Il99ll) . This highlights 
an important problem on deciding which electrons par- 
ticipate in the screening process. As a rule of thumb, one 
can argue that if we consider the entire d-shell as a cor- 
related set, and allow its screening by s- and p-electrons, 
the values of U appear to be between 5 and 10 eV on av- 
erage. On the other hand, in many situations crystal field 
splitting between t2g and eg levels allows us to talk about 
a subset of a given crystal field symmetry (say, t2g), and 
allowing screening by another subset (say by e^). This 
usually leads to much smaller values of U within range 
of 1-4 eV. 

It is possible to extract the value of U from GW calcu- 
lations. The simplest way to define the parameter U = 
W (w = 0). There are also attempt s to avoid the double 
counting inherent in that procedure iAr vasetiawan et al\. 
20044 iKotMl l2000t [Springer and Arvasetiawant Il99a 
Zein L l2005t IZein and Antropovl l2002(l . The values of U 
for Ni deduced in this way appeared to be 2.2-3.3 cV 
which are quite reasonable. At the same time a strong 
energy dependence of the interaction has been pointed 
out which also addresses an important problem of treat- 
ing the full frequency-dependent interaction when infor- 
mation in a broad energy range is required. 

The process of eliminating degrees of freedom with the 
approximations described above gives us a physically rig- 
orous way of thinking about effective Hamiltonians with 
effective parameters which are screened by the degrees of 
freedom to be eliminated. Since we neglect retardation 
and terms above fourth order, the effective Hamiltonian 
would have the same form as H59() where we only change 
the meaning of the parameters. It should be regarded as 
the effective Hamiltonian that one can use to treat the 
relevant degrees of freedom. If the dependence on the 
ionic coordinates are kept, it can be used to obtain the 
total energy. If the interaction matrix turns out to be 
short ranged or has a simple form, this effecti ve Hamil- 
tonia n could be identified wi th the Hubbard (jHubbardl 
I1963D or with the Anderson jAndersoiA Il96l[l Hamilto- 
nians. 

Finally we comment on the meaning of an ab initio 



or a first-principles electronic structure calculation. The 
term implies that no empirically adjustable parameters 
are needed in order to predict physical properties of com- 
pounds, only the structure and the charges of atoms are 
used as an input. First-principles does not mean exact or 
accurate or computationally inexpensive. If the effective 
Hamiltonian is derived (i.e. if the functional integral or 
canonical transformation needed to reduce the number 
of degrees of freedom is performed by a well-defined pro- 
cedure which keeps track of the energy of the integrated 
out degrees of freedom as a function of the ionic coor- 
dinates) and the consequent Hamiltonian H59|) is solved 
systematically, then we have a first-principles method. 
In practice, the derivation of the effective Hamiltonian 
or its solution may be inaccurate or impractical, and in 
this case the ab initio method is not very useful. No- 
tice that Heff has the form of a "model Hamiltonian" 
and very often a dichotomy between model Hamiltonians 
and first-principles calculations is made. What makes a 
model calculation semi-empirical is the lack of a coherent 
derivation of the form of the "model Hamiltonian" and 
the corresponding parameters. 



II. SPECTRAL DENSITY FUNCTIONAL APPROACH 

We see that a great variety of many-body techniques 
developed to attack real materials can be viewed from a 
unified perspective. The energetics and excitation spec- 
trum of the solid is deduced within different degrees of 
approximation from the stationary condition of a func- 
tional of an observable. The different approaches differ 
in the choice of variable for the functional which is to 
be extremized. Therefore, the choice of the variable is a 
central issue since the exact form of the functional is un- 
known and existing approximations entirely rely on the 
given variable. 

In this review we present arguments that a "good 
variable" in the functional description of a strongly- 
correlated material is a "local" Green's function 
Gioc(r, r', z). This is only a part of the exact electronic 
Green's function, but it can be presently computed with 
some degree of accuracy. Thus we would like to formu- 
late a functional theory where the local spectral density 
is the central quantity to be computed, i.e. to develop 
a spectral density functional theory (SDFT). Note that 
the notion of locality by itself is arbitrary since we can 
probe the Green's function in a portion of a certain space 
such as reciprocal space or real space. These are the 
most transparent forms where the local Green's function 
can be defined. We can also probe the Green's func- 
tion in a portion of the Hilbert space like Eq. H57|) when 
the Green's function is expanded in some basis set {x?}- 
Here our interest can be associated, e.g, with diagonal 
elements of the matrix G^^' . 

As we see, locality is a basis set dependent property. 
Nevertheless, it is a very useful property because it may 
lead to a very economical description of the function. 
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The choice of the appropriate Hilbert space is therefore 
crucial if we would like to find an optimal description of 
the system with the accuracy proportional to the com- 
putational cost. Therefore we always rely on physical in- 
tuition when choosing a particular representation which 
should be tailored to a specific physical problem. 

A. Functional of local Green's function 

We start from the Hamiltonian of the form (|59|l . One 
can view it as the full Hamiltonian written in some com- 
plete tight-binding basis set. Alternatively one can re- 
gard the starting point (|59|l as a model Hamiltonian, as 
argued in the previous section, if an additional constant 
term (which depends on the position of the atoms) is kept 
and (|59|l is carefully derived. This can represent the full 
Hamiltonian in the relevant energy range provided that 
one neglects higher order interaction terms. 

• Choice of variable and construction of the exact func- 
tional. The effective action construction of SDFT paral- 
lels that given in Introduction. The quantity of interest is 
the local (on-site) part of the one-particle Green's func- 
tion. It is generated by adding a local source Jioc,ai3{j, r') 
to the action 



^' = ^+E Jloc,Rc.p{T.T')cl^{T)cRp{T')dTdT'. (62) 

The partition function or equivalently the free energy 
of the system F, according to becomes a functional 
of the auxiliary source field and the local Green's function 
is given by the variational derivative 

JT , , . = - (TTCRaiT)c+jT')) = Gloc,ap{T,T'). 

0Jloc,Rt3a[T',T) \ / 

(63) 

From Eq. one expresses Jioc as a functional of Gioc 
to obtain the effective action by the standard procedure 

TsDFTiGioc] = F[Jioc] - Tr (JiocGioc) ■ (64) 

The extremum of this functional gives rise to the exact 
local spectral function Gioc and the total free energy F. 

Below, we will introduce the Kohn-Sham representa- 
tion of the spectral density functional Tsdft similar to 
what was done in the Baym-Kadanoff and density func- 
tional theories. A dynamical mean-field approximation 
to the functional will be introduced in order to deal with 
its interaction counterpart. The theory can be devel- 
oped along two alternative paths depending on whether 
we stress that it is a truncation of the exact functional 
when expanding Tsdft in powers of the hopping (atomic 
expansion) or in powers of the interaction (expansion 
around the band limit). The latter case is the usual 
situation encountered in DFT and the Baym-Kadanoff 
theory, while the former has only been applied to SDFT 
thus far. 



1. A non-interacting reference system: bands in a 
frequency-dependent potential 

• The constraining field in the context of SDFT. In 
the context of SDFT, the constraining field is defined 
as M.int,afj{i^)- This is the function that one needs to 
add to the free Hamiltonian in order to obtain a desired 
spectral function: 



Gioc,cp{iuj) = ^[{iuj+^i)i-U°\\i)-M.M[Gioc]{ii^) 

where / is a unit matrix, /i^"-* (k) is the Fourier trans- 
form (with respect to R — R') of the bare one-electron 

Hamiltonian h'^^J^pj^, entering (|59|l . The assumption that 
the equation H65() can be solved to define M.int,ai3{i^) 
as a function of Gioc,aj3{i^), is the SDFT version of the 
Kohn-Sham representability condition of DFT. For DFT 
this has been proved to exist unde r certain condition s, 
(for discussion of this problem see llGross et all\l99(t) ). 
The SDFT condition has not been yet investigated in 
detail, but it seems to be a plausible assumption. 

• Significance of the constraining field in SDFT. If 
the exact self-energy of the problem is momentum inde- 
pendent, then Mint,apii'-^) coincides with the interaction 
part of the self-energy. This statement resembles the ob- 
servation in DFT: if the self-energy of a system is mo- 
mentum and frequency independent then the self-energy 
coincides with the Kohn-Sham potential. 

• Analog of the Kohn-Sham Green's function. Hav- 
ing defined A^mt,a/3(*w), we can introduce an auxiliary 
Green's function GaRpR'ii^) connected to our new "in- 
teracting Kohn-Sham" particles. It is defined in the en- 
tire space by the relationship: 

SaRPR' («^) = Ga,l,jif^ji, (iuj) - 6IiIi,M^nt.,Mi^)^ (66) 

where Gq^ = {icu + ^)I — /i(°)(k) (in Fourier space). 
M.int,ap{i^) was defined so that QaRpR'{i^) coincides 
with the on-site Green's function on a single site and 
the Kohn-Sham Green's function has the property 

Gloc.ap{i^) = 5RRiQaRpR'{iL0). (67) 

Notice that Mint is a functional of Gioc and therefore 
Q is also a function of Gioc- If this relation can be in- 
verted, the functionals that where previously regarded as 
functionals of Gioc can be also regarded as functionals of 
the Kohn-Sham Green's function Q. 

• Exact Kohn-Sham decomposition. We separate the 
functional T sdft[Gioc] into the non-interacting con- 
tribution (this is the zeroth order term in an expan- 
sion in the Coulomb interactions), Ksdft[Gioc]i and 
the remaining interaction contribution, '^sdft[Gioc\- 
Tsdft[G] = Ksdft[Gioc] + '^sdft[Gioc]- With the help 
oiM-int or equivalently the Kohn-Sham Green's function 
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Q the non-interacting term in the spectral density func- 
tional theory can be represented (compare with (|23|) and 
(jSnil) as follows 



Il974j) result. Considering TsoftIGioc, ^] at any interac- 
tion A (which enters vc{^ — J^')) we write 



KsdfAGioc] = -Trln(Go ' - SRR,M^nt[Gioc])~ rsDFT[Gioc,e^] = Tsdft[Gioc,0]+ f dX 

Ti-{SRR'Mint[Gioc]Gioc)- (68) 



dT 



SOFT 



[Gioc, A] 



dX 



Since Q is a functional of Gioc, one can also view the 
entire spectral density functional Tsdft as a functional 
of 0: 



soft 



[Q] 



-TtHGo' -SRR,M,nt[g])- 

Tr iM,nt[g]g) + ^SDFT[Gioc[g]l (69) 



where the unknown interaction part of the free energy 
^sdft[Gioc] is a functional of Gioc and 



SG 



loc,a(3 



aR./3R' 



JRW 



(70) 



according to Eq. (|^ . 

• Exact representation of ^sdft- Spectral den- 
sity functional theory requires the interaction functional 
^sdft[Gioc]- Its explicit form is unavailable. How- 
ever we can express it via an introduction of an integral 
over the coupling constant Ae^ multiplying the two-body 
inte raction term similar to the den sity fun ctional the- 
ory ijGunnarsson and Lundavigill97 6: Harris ~id Joned . 



J 



(71) 

Here the first term is simply the non-interacting part 
Ks D FT [Gioc] as given by (|68|l which does not depend on 
A. The second part is thus the unknown functional (see 
Eq. CZJl) 

'^SDFTiGioc] = I' rfA ^^^^^^f-'^] (72) 

RR'W'R'" al3jS 



:"CsR"')\- 



One can also further separate ^sdft[Gioc] into 
Eh[Gioc] + ^s'oFTiGioc], where the Hartree term is a 
functional of the density only. 

• Exact functional as a function of two variables. 
The SDFT can also be viewed as a functional o f 
two independent variables ijKotliar and Savrasovll20oH) . 
This is equivalent to what is kno wn as Harris-Foulkes- 
Methfcsscl functi onal w ithin DFT ijPoulkesl Il989t iHarri j. 
Il985; .Mcthfcssel Il995|) 



Tsdft[Gioc,Mm] = -Y. Trln[(ic^ + - h^''\k) - M^M] - Tr (M^ntGioc) + ^sdft[Gioc]- (73) 

k 

I 



Eq. 1)65(1 is a saddle point of the functional 1)73(1 defining 
■Mint — -MintiGioc] and should be back-substituted to 
obtain Tsdft[Gioc]- 

• Saddle point equations and their significance. Dif- 
ferentiating the functional 1(73(1 , one obtains a functional 
equation for Gioc 



Mint[Gl, 



5^ 



sdft[Gi OC 
~5Gi, 



(74) 



Combined with the definition of the constraining field 
((65(1 it gives the standard form of the DMFT equations. 
Note that thus far these are exact equations and the con- 
straining field Mi„t{iuj) is by definition "local", i.e. mo- 
mentum independent. 



2. An interacting reference system: a dressed atom 

We can obtain the spectral density functional by 
adopting a different reference system, namely the atom. 
The starting point of this approach is the Hamilto- 



nian (I5 9 |l split into tw o parts (|Chitra and Kotlia^ 
l2nnnat1ceorgea \2004p>M: H ^ Ho + Hi, where Ho = 
^RHat[R] with Hat defined as 

Hat[R] = Y.''^"kmi^t.R^I^R + h-c.] (75) 

al3 



rRRRR^+ ^+ ^ „ 
2 • a/375 ^uR'^PR'-SRHR- 



Hi is the interaction term used in the inversion method 
done in powers of XHi (A is a new coupling constant to 
be set to unity at the end of the calculation). 

• The constraining field in SDFT. After an unper- 
turbed Hamiltonian is chosen the constraining field is de- 
fined as the zeroth order term of the source in an expan- 
sion in the coupling constant. When the reference frame 
is the dressed atom, the constraining field turns out to 
be the hybridization function of an Anderson i mpurity 
model (AIM) A[GiocUi3{t,t') ((Andersoni . ri96l. which 
plays a central role in the dynamical mean-field theory. 
It is defined as the (time dependent) field which must 
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be added to Hat in order to generate the local Green's 
function Gioc,ap{T, t') 

(76) 

where 

Fat[^] = (77) 
and the atomic action is given by 

Sat[A] = / dr^c+(r) c^r) + / drHatir). 

(78) 

Eq. H77|l actually corresponds to an impurity problem 
and -Fat [A] can be obtained by solving an Anderson im- 
purity model. 

• Kohn-Sham decomposition and its significance. The 
Kohn-Sham decomposition separates the effective action 
into two parts: the zeroth order part of the effective ac- 
tion in the coupling constant ro[G;oc] = ^sdft[Gioci A = 
0] and the rest ( "exchange correlation part" ) . The func- 
tional corresponding to (|73|) is given by 

rsDFT[Gioc, A = 0] = Fat[A[Gioc]] ~ Tr (A[G,o,]G,o,) = 
TrlnGzo, - Tr {G-^Gioc) + <i>at[Giocl (79) 

with the G~l^p{iuj) = {iu + ^j,)Sap - hf^. Fat is the 
free energy when A = and $at is the sum of all two- 
particle irreducible diagrams constructed with the local 
vertex V^J^f^ and Gioc- 

• Saddle point equations and their significance. The 
saddle point equations determine the exact spectral func- 
tion (and the exact Weiss field). They have the form 

- (TrC^iT)c+{T'))^ = Gloc.Mr.T'), (80) 



^c^pir^r')^— —- (81) 

(>Gloc,l3a[T',T) 

where AF can be express ed using coupling constant in- 
tegration as is in Eq. ijGeorgesl l2004albD . This set of 
equations describes an atom or a set of atoms in the unit 
cell embedded in the medium. A is the exact Weiss field 
(with respect to the expansion around the atomic limit) 
which is defined from the equation for the local Green's 
function Gjoc (sec Eq. (|76|l ) . The general Weiss source 
A in this case should be identified with the hybridization 
of the Anderson impurity model. 

When the system is adequately represented as a col- 
lection of paramagnetic atoms, the Weiss field is a weak 
perturbation representing the environment to which it is 
weakly coupled. Since this is an exact construction, it 
can also describe the band limit when the hybridization 
becomes large. 



3. Construction of approximations: dynamical mean-field 
theory as an approximation. 

The SDFT should be viewed as a separate exact the- 
ory whose manifestly local constraining field is an aux- 
iliary mass operator introduced to reproduce the local 
part of the Green's function of the system, exactly like 
the Kohn-Sham potential is an auxiliary operator intro- 
duced to reproduce the density of the electrons in DFT. 
However, to obtain practical results, we need practical 
approximations. The dynamical mean-field theory can 
be thought of as an approximation to the exact SDFT 
functional in the same spirit as LDA appears as an ap- 
proximation to the exact DFT functional. 

The diagrammatic rules for the exact SDFT func- 
tional can be developed but they are more compli- 
cat ed than in the Baym-Kad anoff theory as discussed 
in l)Chitra and Kothail l2000a|) . The single-site DMFT 
approximation to this functional consists of taking 
^sdft[Gioc] to be a sum of all graphs (on a single site 
R), constructed with V^^f^ as a vertex and G/oc as a 
propagator, which are two-particle irreducible, namely 
^dmft[Gioc] = *at[G/oc]- This together with Eq. ^ 
defines the DMFT approximation to the exact spectral 
density functional. 

It is possibl e to arrive at t his functional by summing 
up diagrams (jChitra and Kotliar . 20Q0.a) or using the 
coupling constant integration trick ijGeorgesl l2004albD 
(sec Eq. ^) with a coupling dependent Greens function 
having the DMFT form, namely with a local self-energy. 
This results in 

i DMFT iGloc^^)=Y.Fat[A{Gloc^^)] (82) 

i 

- ^Trln((iC^ + /i)/ - /l("'(k) - M^nt{Gloc ^^)) 
k 

+Tr\n{-MintiGioc u) + iuj + fi - /i^"^ - A{iuj)). 

with Aiint{Gioc a) in Eq. H82|l the self-energy of the An- 
derson impurity model. It is useful to have a formu- 
lation of t his DMFT functional as a function of three 
variables, l)Kotliar and Savrasovl l200l[l namely combin- 
ing the hybridization with that atomic Greens function 
to form the Weiss function Qq^ = Gat ~ A, one can ob- 
tain the DMFT equations from the stationary point of a 
hmctional of G/oc, M.int and the Weiss field Qq: 

r[G/oe,Xmt,ao] - F™p[go-i]-Trln[G,oc]- (83) 
Trln(icj + /i - h^\k] - Mrnt) + 
TtUGo-' - M.nt - G^^DGioc]. 

One can eliminate Gioc and Mint from 183|) using 
the stationary conditions and recover a functional of the 
Weiss field function only. This form of the functional, 
applied to the Hubbard model, allowed the analytical 
determination of the nature of the transition and the 
characterization of the zero temperature critical points 
l)Kotliarl Il999a(l . Alternatively eliminating Qq and Gioc 
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in favor of Aimt one obtains the DMFT approximation 
to the self-energy functional discussed in section ll.lj.2l 



4. Cavity construction 

An alternative view to derive the DMFT approxima- 
tion is by means of the cavity construction. This ap- 
proach gives complementary insights to the nature of 
the DMFT and its extensions. It is remarkable that 
the summation over all local diagrams can be performed 
exactly via introduction of an auxiliary quantum im- 
purity model subjected to a self-consistency c ondition 
ijGeorges and Kothail IT993 iGeorges et alUl99^ . If this 
impurity is considered as a cluster C, either a dynamical 
cluster approximation or cellular DMFT technique can 
be used. In single-site DMFT, considering the effective 
action S in Eq. (|60|) , the integration volume is separated 
into the impurity Vimp and the remaining volume is re- 
ferred to as the bath: V — Vimp = Vtath- The action 
is now represented as the action of the cluster cell, Vimp 
plus the action of the bath, Vtath, plus the interaction be- 
tween those two. We are interested in the local effective 
action Simp of the cluster degrees of freedom only, which 
is obtained conceptually by integrating out the bath in 
the functional integral 



^exp[-S'j™p] = / ^[c^c] exp[-5]. 



(84) 



where Z,>„p and Z are the corresponding partition func- 
tions. Carrying out this integration and neglecting 
all quartic and higher order terms (which is correct 
in the infin ite dimension limit) we arrive to the result 
l|Georges an d Kotliar, 199^ 

S.mp = -J2 [ dTdT'ct{T)g-Xp{T, r')c^(r') (85) 

+ ^ II / dTdT'cl{T)c+{T')V^p^s{T,T')c^{T')cs{T). 

Here go.apiT,T') or its Fourier transform Qo^apii^) is 
identified as the bath Green's function which appeared 
in the Dyson equation for Mint,a[3{^'-^) and for the local 
Green's function Gioc.apii^) of the impurity, i.e. 



(86) 



Note that t^o cannot be associated with non-interacting 
Go. 

The impurity action (|85() . the Dyson equation (|86|l . 
connecting local and bath quantities as well as the orig- 
inal Dyson equation Hfi6(l . constitute the self-consistent 
set of equations of the spectral density functional the- 
ory. They are obtained as the saddle-point conditions 
extremizing the spectral density functional T sdft{Q)- 
Since Mint is not known at the beginning, the solution 
of these equations requires an iterative procedure. First, 



assuming some initial Mint, the original Dyson equa- 
tion is used to find Green's function Q. Second, the 
Dyson equation for the local quantity H86|l is used to find 
Qq. Third, quantum impurity model with the impurity 
action Si„ip after (|85() is solved by available many-body 
techniques to give a new local Mint- The process is re- 
peated until self-consistency is reached. We illustrate 
this loop in Fig. |S1 
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FIG. 5 Illustration of the self-consistent cycle in DMFT. 



5. Practical implementation of the self-consistency condition in 
DMFT. 

In many practical calculations, the local Green's func- 
tion can be evaluated via Fourier transform. First, given 
the non-interacting Hamiltonian /i^''^(k), we define the 
Green's function in the k-space 

GMKito) = {[i^LO + fl)^(k)-h<■"^k)^M^nt{^UJ)]-'} , 

(87) 

where the overlap matrix OQ^(k) replaces the unitary 
matrix / introduced earlier in H()5|) if one takes into ac- 
count possible non-o r thogo nality between the basis func- 
tions l)Wegner et all \200(i} . Second, the local Green's 
function is evaluated as the average in the momentum 
space 



Gioc,ai3{ii^) = y^ga/j(k,ia;). 



(88) 



which can then be used in Eq. H86|l to determine the bath 
Green's function 5o,a/3(*w). 

The self-consistency condition in the dynamical mean- 
field theory requires the inversion of the matrix, Eq. H87|) 
and the summation over k of an integrand, H88() . which 
in some cases has a pole singularity. This problem is 
handled by introducing left and right eigenvectors of the 
inverse of the Kohn-Sham Green's function 



E 



+ M^nt,ap{^^^) - ekjc^0Q/3(k) 



/i^°'(k) + M^ntMi^) - ek,c.0„/3(k) = 0. (90) 



0,(89) 
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This is a non-hermitian eigenvalue problem solved by 
standard numerical methods. The orthogonality condi- 
tion involving the overlap matrix is 



'kjuj,a^OL0 



(91) 



a/3 



Note that the present algorithm just inverts the matrix 
(|57jl with help of the "right" and "left" eigenvectors. The 
Green's function (|87(l in the basis of its eigenvectors be- 
comes 



iiL! + fj,- €kji^ 



(92) 



This representation generalizes the orthogonal case 
in the original LDA-I-DMFT paper l)Anisimov et all 
Il997al) . The formula ^ can be safely used to com- 
pute the Green's function as the integral over the Bril- 
louin zone, because the energy denominator can be 
integrated analytically using the tetrahedron method 
(|Lambin and VigneronL ir984l) . 

The self-consistency condition becomes computation- 
ally very expensive when many atoms need to be consid- 
ered in a unit cell, as for example in compounds or com- 
plicated crystal structures. A computationally effici ent 
approach was proposed in Ref. ISavrasov et all 120051 If 
the self-energy is expressed by the rational interpolation 
in the form 



The situation is even simpler in some symme- 
try cases. For example, if Hamiltonian is diagonal 

h'fJiCk) = Sai3h''a\y^) and the self-energy Mint,ai3iiuj) 
Saf3-Mint,a{'ii^), the invcrsiou in the above equations is 
trivial and the summation over k is performed by intro- 
ducing the non-interacting density of states iVa(e) 



(95) 



The resulting equation for the bath Green's function 
becomes 



de- 



iVa(e) 



ILU + l^i — e — Mint a{i^) 

(96) 

• Assessing the DMFT approximation. Both the 
dressed atom and the dressed band viewpoint indi- 
cate that Tom FT is going to be a poor approximation 
to T sdft{Gioc) when interactions are highly nonlocal. 
However, extensions of the DMFT fo rmalism allow us 
to tackle this problem The EDMFT jKaiueteJ^ Il996bt 



{iuj) 



iKaiueter and KotUaiill996at lsr and Smit hl.' ll99fiD ' allows 
us the introduction of long-range Coulomb interactions 
in the formalism. The short-range Coulomb interaction 
is more local in the non~orthogo nal basis set and can be 
incorporated using the CDMFT l)KotHar et allYim'^ . 



B. Extension to clusters 



Mal3{iuj) = Ma{,Oo)6a[i + 



^ iuj - Pi ' 



(93) 



where uf are weights and Pi are poles of the self-energy 
matrix. The non-linear Dyson equation (|89|l . H90|l can 
be replaced by a linear Schroedinger-like equation in an 
extended subset of auxiliary states. This is clear due to 
mathematical identity 



E 



(iw + M)0k-/i°(k)-A1((X)), ^/W 
Vw\ ioj-P 



(jc^ + /^)Ok-/i"(k)-X(ic^) 



:(94) 



where M.{iijj) is given by Eq. H93|) . Since the matrix P 
can always be chosen to be a diagonal matrix, we have 



01- 



The most important advantage of this method is that 
the eigenvalue problem Eq. H89() . (|90|l does not need to 
be solved for each frequency separately but only one in- 
version is required in the extended space including "pole 
states" . In many applications, only a small number of 
poles is necessary to reproduce the overall structure of 
the self-energy matrix (see section llII.F.l|l . In this case, 
the DMFT self-consistency condition can be computed 
as fast as solving the usual Kohn-Sham equations. 



The notion of locality is not restricted to a single site 
or a single unit cell, and it is easily extended to a clus- 
ter of sites or supercells. We explain the ideas in the 
context of model Hamiltonians written in an orthogonal 
basis set to keep the presentation and the notation sim- 
ple. The extension to general basi s sets (|Kotliar et all 
I2OOII: ISavrasov and Kotliail l2004lJ) is straightforward. 

The motivations for cluster extension of DMFT 
are multiple: i) Clusters are necessary to study 
some ordered states like d-wave superconductivity 
which can not be described b y a s in gle-site method 
(([Katsnclson and Lichtcnstcinl 120001: (Macridin et all 



2004 120051 iMaier fiit all l2000alJd. l2005t iMaieil l~- 
Maier et all l2004bl l2002bj) ') ii) In cluster methods the 



lattice self-energies have some k dependence (contrary 
to single-site DMFT) which is clearly an important 
ingredient of any theory of the high-Tc cuprates for 
example. Cluster methods may then explain variations 
of the q uasiparticle r e sidue or lifetime along the F ermi 
surface ()Civelli et all l2005t iParcollet et~d\ . l2004|) Hi) 
Having a cluster of sites allows the description of non- 
magnetic insulators (eg. valence bond solids) instead 
of the trivial non-magnetic insulator of the single-site 
approach. Similarly, a cluster is needed when Mott and 
Peierls correla tions are simulta neously pr esent leading to 
dimerization ijBiermann et all [^005b; Potervaev et all 
I2004D in which case a correlated link is the appropriate 
reference frame, iv) The effect of nonlocal interactions 
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within the cluster {e.g. next neighbor Cou lomb 
repulsion) can be investigated ijBolech et alV 1200^ . v) 
Since cluster methods interpolate between the single-site 
DMFT and the full problem on the lattice when the size 
of the cluster increases from one to infinity, they resum 
1/d corrections to DMFT in a non-perturbative way. 
Therefore they constitute a systematic way to assert the 
validity of and improve the DMFT calculations. 

Many cluster methods have been studied in the lit- 
erature. They differ both in the self-consistency con- 
dition (how to compute the Weiss bath from the clus- 
ter quantities) and on the parameterization of the mo- 
mentum dependence of the self-energy on the lattice. 
Different perspectives on single-site DMFT lead to dif- 
ferent cluster generalizations : analogy with classi- 
cal spin systems lead to t he Bethc-Pcierls approxi- 
mation ijGeorges et alV Il996() . short range approxima- 
tions of the Baym-K adanoff functional lead to the "pair 
scheme" ijGeorges et al... .1996,) and its nested cluster gen- 
eralizations (which reduces to the Cluster Var iation 
Method in the classical limit) (jBiroli et aEL |2004|) . ap- 
proximating the self-energy by a piecewise constant func- 
tion of momentu m lead to the dynamical cluster approx- 
imatio n (DCA) (|Hettler et all l2000l Il998l: iMaier all 
l2000c^) . approximating the self-energy by the lower har- 
monics lead to the work of Katsnelson and Lichten- 
stein (|Lichtenstein and Katsnelsonl |2000|) . and a real 
space perspective le ad to Cellular DMFT (CDMFT). 
ijKotliar et a^J . l200l|) . In this review, we focus mainly on 
the CDMFT method, since it has been used more in the 
context of realistic computations. For a detailed review 
of DCA, CDMFT and other sch emes and their appli ca- 
tions to model Hamiltonians see (|Maier et adl2004a|) . 
• Cellular dynamical mean-field theory : definition 
The construction of an exact functional of a "local" 
Green's function in Eqs. (|^ . (|^ . (|^ is unchanged, ex- 
cept that the labels a, (3 denotes orbitals and sites within 
the chosen cluster. The cluster DMFT equations have 
the form (|65|) . (|86|l . where /i°[k] is now replaced by t{K) 
the matrix of hoppings in supcrcell notation and we use 
the notation Yp{iijjn) for the cluster self-energy (note 
that the notation Mint was used for this quantity in the 
preceding sections). 



Go ^(iu;„) I [iuJn+fi-i{K)-^^{iuJn)) I 

\KeRBZ ) 

-fS]C(iw„), (97) 

where the sum over K is taken over the Reduced Brillouin 
Zone (RBZ) of the superlattice and normalized. 

Just like single-site DMFT, one can either view 
CDMFT as an approximation to an exact functional to 
compute the cluster Green's function, or as an approxi- 
mation to the exact Baym-Kadanoff functional obtained 
by restricting it to the Green's functions on the sites re- 
stricted to a cluster and its translation by a supcrcell 



lattice vector (see Eg. (fTU^ below) ()Georgesl l2002t 
iMaier and Jarrelll l2002() . From a spectral density func- 
tional point of view, Eqs. and the equation 
M.ini\G\ = S^sdft/SGioc Can be viewed as the exact 
equations provided that the exact functional ^sdft is 
known. 

A good approximation to the "exact functional" , 
whose knowledge would deliver us the exact cluster 
Green's function, is obtained by restricting the exact 
Baym-Kadanoff functional. In this case, it is restricted 
to a cluster and all its translations by a supercell vec- 
tor. Denoting by C the set of couples {i,j) where i and 
j belong to the same cluster (see Fig. El for an example), 

^ CDMFT = «'bxIg^^.=o if (i,MC 

Alternatively the CDMFT equations can be derived 
from the point of view of a functional of the Weiss field 
generalizing Eq. H82|) from single sites to supercells as 
shown in Fig. El A fundamental concept in DMFT is 
that of a Weiss field. This is the function describing the 
environment that one needs to add to an interacting hut 
local problem to obtain the correct local Greens function 
of an extended system. Now expressed in terms of the 
Weiss field of the cluster Q^^ = G"/ — A. This concept 
can be used to highlight the connection of the mean field 
theory of lattice systems wit h impurity models an d the 
relation of their free energies (jGeorges et alV Il996j) . For 
this purpose it is u seful to define the DMFT fu nctional 
of three variables, (|Kotliar and Savrasovl l200l]) G/oc, S 
and the Weiss field Qq: 

^CDMFt[G, S, Go] = ^cells 

-Trln[G] {iuj + i^i - i[k] - S) + TiUGo'^ - S - G-'^)G] 

Extremizing this functional gives again the standard 
CDMFT equations. 

• CDMFT : approximation of lattice quantities 
The impurity model delivers cluster quantities. In 
order to make a connection with the original lattice 
problem, we need to formulate estimates for the lattice 
Green's function. A natural way to produce these esti- 
mates is by considering the superlattice (SL) (see Fig.jSl 
and constructing lattice objects from superlattice objects 
by averaging the relevant quantities to restore periodic- 
ity, namely 

Wlatt - j) « 1^ E Wi^k+^-J , (100) 

where Ng represents the total number of sites, and i, j, k 
are site indices. Notice that Eq. IjlOOII represents a super- 
lattice average, not a cluster average. In particular, if 
W is the cluster irreducible cumulant. Ale = G^T^ + A 
(where A is the hybridization) or the cluster self-energy 
S all the contributions with k and k + i — j belong- 
ing to different cells are zero by construction. The lat- 
tice Greens function can then be reconstructed from the 
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FIG. 6 Example of a 2 x 2 superlattice construction to define 
CDMFT on a plaquette. Notice that tlie definition is depen- 
dent on the tihng of space by supercells and is therefore not 
unique 



lattice c umulant llStanesc or the lattice self- 

energy (jBiroli and Kotliail l2002t iKotliar et all l200l[l . 



Namely Giatt{k,Lo) w 



(w - t{k) 



fJ- - T.latt{k,U})) 

^""^^ Criteria fo 



or 



more general periodizations respecting causality were de- 
rived in ref jBiroli and Kotlian. l2002|) . Another alter- 
native suggested originally by Senechal and Tremblay 
is to directly periodize the Green' s function, i.e. apph 
Eq. ifTHnjl with W = Gto obtain l|Senechal et all |2£ 



G{k,u) = ^Y.\ 

^ a,beC 



- tk] 



-1 ik(ra-rt) 



(101) 



where ik is the Fourier transform of the "hopping" on the 
super-lattice, and the number of sites in the cluster. 

For example, consider the two-dimensional Hubbard 
model on a square lattice within a four-site approxima- 
tion (plaquette) in which square symmetry is preserved. 
After performing the average H100|) and then taking the 
Fourier transform, we obtain the following expressions 
for the self-energy and the irreducible cumulant of the 
lattice problem. 

5](fc,w) = So(w) -I-Si(cj) a(fc) -HS2(w) /3(fc), 
M{k,uj) = AIo{uj) + Mi{uj) a{k)+M2{uj) f3{k), 

(c) 

where for the cluster quantities we used the no- 

tations Wq for the on-site values (a = b), W\ if a 
and b are nearest neighbors (on a link) and W2 if a 
and b are next-nearest neighbors (on the diagonal), and 
a(k) = cos(kx) + cos{ky) and (3{k) = cos(A:2;) cos(fcj,). 

It is important to notice that it is better to rccon- 
struc t on site quantities from the cluster Greens fimc- 
tion l)Capone et all l2004l) and non lo cal quantities from 
the lattice quantities l|StanescuLl2005j) . Using cumulants 
there is not much difference between estimates from the 
lattice or the local green function for cither one of these 
quantities, and the same is true about the lattice pcri- 
odization. Alternatively, pcriodizing the self-energy has 



the drawback that the local quantities inferred from Giatt 
differ from Gc near the Mott transition. 
• Other cluster schemes 

We briefly comment on various other cl uster schemes 
mentio ned in the introduction (see also ijMaier et all 
Nested cluster schemes are defined by another 
truncation of the Baym-Kadanoff functional : 



^Nested - 



\g,j=o if (i,i)^c 



(102) 



where C is the set of couples («, j) with — < L with L 
is the size of the cluster and we use the Manhattan dis- 
tance on the lattice. Those schemes combine information 
from various cluster sizes, and can give very accurate de- 
termination of critical temperatures using small cluster 
sizes, but they are not causal when the ran ge of the self- 
energ y exceeds the size of the truncation ( Biroli et al\ . 
I2004D (See also (lOkamoto and Milhsl. 12004^ 

There is a class of cluster schemes which are guaran- 
teed to be causal and which requires the solution of one 
impurity problem : DCA, CDMFT, and PCDMFT (pe- 
riodizcd cluster cellular dynamical mean-field theory). 
The self-consistency condition of all three schemes can 
be summarized into the same matrix equation 

i J2 {i^n + lJi-ts{K)~Y.s{K,iLOn)) ) , 

\KeRBZ ) 

(103) 

where the difference between the three schemes is en- 
closed in the value of ts and of Ss that enter in 
the self-consistency condition. Namely, if ts{K) = 
i{K) and T.s[K,iujr,) = S'^(iw„) we have the CDMFT 
case, ts{K) = t{K) and Eg = S/att corresponds to 
PCDMFT case, and DCA is realized when ts(A') 



DCA 



t„.u{K) expMAr(At 



and Y,s{K,iu}n) 



Tp{iojr,) l)Biroli et ali l2004(l . PCDMFT uses the'lat- 
tice self-energy in the sum over the reduced Brillouin 
zone in the self-consistency Eq. H97|l . It is similar to 
the scheme proposed by Katsnels on and Lichtenstein 
ijLichtenstein and KatsnelsonL |2000() , but can be proven 
to be explicitly causal. The dynamical cluster approxi- 
mation or DCA (|Hettler et all I2OOOI Il998t iMaier et all 
l2000c|) derives cluster equations starting from momentum 
space. It s real space formulation of Eg 11031 was intro- 
duced in ijBiroh and Kothail |2002|) . While in CDMFT 
(or PCDMFT) the lattice self-energy is expanded on the 
lowest harmonics in fc, in DCA the self-energy is taken 
piccewise constant in the Brillouin Zone. 

Simpler approximations, such as cluster perturbation 
theory (CPT) and variational cluster perturbation the- 
ory (VCPT), can also be fruitfully viewed as Hmiting 
cases of cluster DMFT. Indeed CPT is obtained by set- 
ting the DMFT hybridization equal to zero. The self- 
energy then becomes the atomic self-energy of the clus- 
ter. The lattice self-energy is then obtained by restoring 
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the periodicity in the G reen' s function j Pahnkc n e^_aj. , 
200aiaros and Valentil.ll993HSenechal"^ aL . ,2{)oTiimr. : 



Zacher et aU . l200(l l2n02() . The restriction of the func- 
tional H99|) to a non zero but static Weiss field, gives rise 
to the variational c luster perturbat i on theory (VCPT) in- 
troduced in R,efs. jPahnken etlUl l2004t IPotthoff ef^iR 
l2003t ISenechal and Tremblavll2004|) . An extensions of 
these ideas in the context of EDMFT h as been recently 
been carried out by Tong jTonel l2005(l . 

• Hartree-Fock terms 

In realistic computations, it is natural to separate the 
Hartrce-Fock term, which can be treated easily from the 
more complex "exchange" contributions to the Baym- 
Kadanoff functional <!>. This idea can also be extended 
to CDMFT, in the case of nonlocal interactions connect- 
ing different clusters {e.g. spin-spin interactions). The 
Hartree-Fock contribution to the Baym-Kadanoff func- 
tional induces a self-energy which is frequency indepen- 
dent and therefore does not cause problems with causal- 
ity and can be evaluated with little computational cost. 
So it is convenient to separate <I> = ^hf + ^int , and ap- 
ply the cluster DMFT truncation only to ^int , and to the 
self-energy it gene rates while t r eating the Hartree con- 
tributions exactly l)Biroli et all l2004|) . More precisely, 
one can treat with Hartree-Fock terms that connect the 
cluster to the exterior only, to avoid a double counting 
problem. This observation is particularly relevant in the 
treatment of broken symmetries induced by nonlocal in- 
teractions as exemplified in the study of the transition to 
a charge density wave in the extend ed Hubbard model i n 
one dimension which was studied in l|Bolech et al\ . \2()()^ . 

• Cluster size dependence 

The cluster DMFT methods are in an early stage of 
development but a few investigations of the performance 
of th e methods fo r differe nt sizes have already appeared 
(See (|Maier et all l2004a(l and references below). There 
are two distinct issues to consider. The first issue is what 
can be achieved with very small clusters (e.g. 2 sites 
in one dimension or 2x2 plaquette in two dimensions). 
Cluster studies have demonstrated that in a broad re- 
gion of parameter space, single-site DMFT is quantita- 
tively quite accurate. Similarly, one would like to know 
what are the minimal clusters needed to capture e.g. the 
physics of the cuprates. The one-dimensional Hubbard 
model is a very challenging case to study this question. 
Application of DMFT a nd cluster methods to this prob- 
lem was carried out in ijCapone et all l2004|) and is re- 
produced in Figures [7| and |H1 Let us note that i) far 
from the transition, single-site DMFT is quite accurate, 
ii) a cluster of 2 sites is already very close to the exact 
solution (obtained by Bethe Ansatz for thermodynam- 
ics quantities or DMRG for the dynamical ones). Even 
though no mean-field approach can produce a Luttinger 
liquid (a very large cluster would be necessary) CDMFT 
is shown to perform remarkably well when considering 
quantities related to intermediate or high energies or as- 
sociated with the total energy, even near the Mott tran- 
sition. 



0.5 



• • CDMFT 
©■ ■© DMFT 
— BA 



0.8 




••••I 



1.2 







FIG. 7 Density n as a function of /i for the one-dimensional 
Hubbard model with on-site repulsion strength U/t — 4, 
number of cluster sites Nc = 2 within single-site DMFT, two- 
site CDMFT, two-site PCDMFT and two-site DCA com- 
pared with the exact solution by Bethe Ansatz (BA). The 
lower-right inset shows a region near the Mott transition 




FIG. 8 QGii and 5RGi2 for the one-dimensional Hubbard 
model with on-site repulsion strength U/t — 1 and U/t — 7, 
number of cluster sites Nc = 2 within single-site DMFT, two- 
site CDMFT, two-site PCDMFT com pared with the nume ri- 
cally exact DMRG calculation, (from ijCapone et a/.L l2004^ '). 



The second issue is the asymptotic convergence of the 
methods to the exact solution of the problem (in the in- 
finite cluster limit). At present, this is still a somewhat 
academic issue because large cluster can not be studied 
for large U or at low temperature, but algorithmic ad- 
vances and increase of computer power may change the 
situation in a near future. The convergence properties of 
the CDMFT method for large cluster size can be easily 
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improved. Away from critical points, local quantities in 
CDMFT converge exponentially to their bulk value when 
measured at the core of the cluster. However, averages 
over the cluster conv erge like l/L where L i s the lin- 
ear size of the cluster llBiroli and Kothaii l2004^ fse e also 
(jArvanpour el all l200fit iBiroh and Kothaii \2m^ ). be- 
cause in CDMFT the cluster is defined in real space, and 
the error is maximal and of order 1 in L at the boundary. 
Therefore, to estimate the value of a local quantity, one 
should preferentially use the core of the cluster {i.e. giv- 
ing a lower weight to the boundary) assuming of course 
that the cluster is large enough to distinguish between a 
core and a boundary. Failure to do so in CDMFT can 
lead to non-physical results, as illustrated in the one- 
dimensional Hubbard model. In this case, the critical 
temperature for the Nccl order does not go to zero w hen 
the size of the cluster increases (|Maier aZ.l . l2002a|) . In 
fact, the boundary of a large (chain) cluster sees an effec- 
tive field given by the other boundary, not by the sites at 
the center of the cluster, which leads to spurious ordering. 
It is however possible to greatly improve the convergence 
properties of CDMFT in ordered phases by weighting 
the self-energy more at the core of the cluster, a cluster 
scheme called weie hted-CDMFT ()Parcollet and Kotliail 
in the self-consistency condition H97|l. we replace 
the self-energy by S"^ 

<f = 5a-^,^-5/c(a)/c(/5) (105) 

where fc is a normalized function that decays exponen- 
tially from the center of the cluster towards the bound- 
aries and satisfy /c(a)^ = 1- This scheme is causal, it 
docs not present the spurious ordering in one dimension, 
and it can be shown to have faster convergence of the 
critical tempera ture in the classical limit of the Falikov- 
Kimball model l)Parcollet and Kothaii l2005(l . Therefore, 
for applications to (quasi)-ld systems (chains or lad- 
ders) where relatively large cluster size can be reached, 
weighted-CDMFT should be preferred to CDMFT. 
• Numerical solutions 

Since the impurity model to be solved for a cluster 
method is formally a multi-orbital problem, most the 
solvers used for single-site DMFT can be extended cluster 
methods, at the expense of an increase of computational 
cost (See section 1111)1 . The computational cost of solv- 
ing the impurity model entering the CDMFT equations 
using QMC is the same as that of an isolated system 
of the same cluster, or sometimes even less since it has 
been found that the presence of the bath reduces the sign 
problem. To solve the CDMFT equations with exact di- 
agonalization, the bath needs to be discretized and rep- 
resented by free fermions. This results in an increase in 
the size of the Hilbert space. A(w) has to be represented 
by a discrete set of poles and, as in single-site DMFT, 
ther e are various approach es for choosing a parameteriza- 
tion l)Georges et aij . ll996(l . A modification of the original 



proce dure of Caffarel and Krauth ijCaffarel and KrauthL 
119941) which gives stronger weight to the low-frequency 
part of the Weiss field has been suggested ijCapone et alV 
I2004D . 

Another possibility for parameterizing the bath is to 
simply insert a discretized form of the Weiss field into 
the CDMFT functional, which is viewed as a function 
of three variables (the obvious generalization of Eq. H8»j|) 
to clusters), and varying the functional with respect to 
the free parameters parameterizing the Weiss field. An 
alternative choice of the bath parameters can be obtained 
by inserting approximate expressions of the self-energy 
parameterized by a few set of par ameters into the self- 
energy functional l|Potthofj. l2003b() . 

• Application to realistic calculations 

In the context of realistic studies of materials, the ap- 
plications of cluster methods are only beginning. An in- 
teresting class of problems are posed by materials with 
dimcrization or charge-charge correlations in the param- 
agnetic phasci, such as NaV205. This compound, where 
the Vanadium atoms are arranged to form two leg lad- 
ders which are quarter filled, served as a first application 
of LDA-I-DMFT cluster methods. At low temperatures 
the system is a charge ordered insulator, a situation that 
is we ll described by the LDA-I-U method (jYaresko et alV 
l200Cl() . Above the charge ordering temperature the in- 
sulating gap persist, and cluster DM FT is required to 
descr ibe this unusual insulating state ijMazurenko et aZI . 

The second application of this approach focused 
on the interplay of Pauling- Peierls distortions and Mott 
correlations (Potervaev et at, 200^ that occur in Ti20^. 
Titanium sesquioxide, Ti20z, is isostructural to Vana- 
dium Sesquioxide, V2O3, the prototypical Mott-Hubbard 
system. In the corundum structure the pair of Titanium 
atoms form a structural motif. Titanium sesquioxide 
displays a rapid crossover from a bad metal regime at 
high temperatures, to an insulating regime at low tem- 
peratures. Standard first principles electronic structure 
methods have failed to account for this crossover. While 
single site DMFT was quite succesful describing the high 
temperature physics of V2O3 it cannot account for the 
observed temperature driven crossover in Ti20z with a 
reasonable set of parameters. A two site CDMFT cal- 
culation with a very reasonable set of onsite interactions 
and an intersite Coulomb repulsion successfully describes 
the observed cr ossover. A surpr i sing r esult of the clus- 
ter calculations ijPotervaev et alV l2004|) . was the strong 
frequency dependence of the inter-site Titanium self en- 
ergy which can be interpret as a scale dependent modi- 
fication of the bare bonding antibonding splitting. The 
link reference frame provides an intuitive picture of the 
synergistic interplay of the lattice distortion (ie . the 
Pauling -Goodenough-Peierls mechanism (Goodenouehl 
Il963)) which decreases the distance between the Ti atoms) 
and the Hubbard-Mott mechanism in correlated materi- 
als having dimers in the unit cell. The bare (high fre- 
quency) parameters of the problem are such that a static 
mean field calculation yields a metal. However as tern- 
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pcrature and frequency are lowered, important correla- 
tion effects develop. The bandwidth of the alg and eg 
bands is reduced by the correlations while the crystal 
field splitting between the bonding and the antibonding 
orbital increases in such a way that the low energy renor- 
malized parameters result in a band insulator. We have a 
case where the Coulomb interactions enhance the crystal 
field splitting and reduce the bandwidth, in a synergis- 
tic cooperation with the lattice distortions to drive the 
system thru a metal to insulator crossover. 

Another example of the interplay of the Peierls and the 
Mott mechanism is provided by Vanadium dioxide VO2 
. This material undergoes a first-order transition from 
a high-temperature metallic phase to a low-temperature 
insulating phase near room- temperature. The resistiv- 
ity jumps by several orders of magnitude through this 
transition, and the crystal structure changes from rutilc 
at high-temperature to monoclinic at low-temperature. 
The latter is characterized by a dimerization of the vana- 
dium atoms into pairs, as well as a tilting of these pairs 
with respect t o the c-axis. C DMFT studies of this mate- 
rial fBiernia mi et aZ.l . l2005b(l can account for the metallic 
and the insulating phase with reasonable interaction pa- 
rameters. 



C. LDA+U method. 

We now start the discussion on how the ideas of spec- 
tral density functional theory and conventional electronic 
structure calculations can be bridged together. In many 
materials, the comparison of LDA calculations with ex- 
periment demonstrates that delocalized s- and p-states 
are satisfactorily described by local and frequency inde- 
pendent potentials. This leads to the introduction of 
hybrid methods which separate the electrons into light 
and heavy. Treating the light electrons using LDA and 
the heavy electrons using many-body techniques, such as 
DMFT fsee III.D|l . has already proven to be effective. 

As a first illustration, we c onsider the LDA-I-U m ethod 
of Anisimov and co-workers jAnisimov et aZ.l|l99l|) . His- 
torically, this was introduced as an extension of the lo- 
cal spin density approximation (LSDA) to treat the or- 
dered phases of the Mott insulating solids. In this re- 
spect, the method can be seen as a natural extension 
of LSDA. However, this method was the first to recog- 
nize that a better energy functional can be constructed 
if not only the density, but also the density matrix of 
correlated orbitals is brought into the density functional. 
In this sense, the LDA+U approach is the Hartree-Fock 
approximation for the spectral density functional within 
LDA-f DMFT, which is discussed in the following section. 

• Motivation and choice of variables. From the ef- 
fective action point of view, the LDA-I-U constructs a 
functional of the density p(r), magnetization m(r), and 
the occupancy matrix of the correlated orbitals. The 
latter is defined by projecting the electron creation and 
destruction operators on a set of local orbitals, CaR = 



J Xaii^ — 'i^)'>P{^)dr, i.e. by constructing the occupancy 
matrix from the local Green's function 

nab^TY,e'^°^Gioc.ab{tuj). (106) 

In principle, an exact functional of the spin density and 
the occupancy matrix can be constructed, so as to give 
the total free energy at the stationary point using the 
techniques described in previous sections. The LDA+U 
approximation is an approximate functional of these vari- 
ables which can be written down explicitly. In the con- 
text of LDA+U, the constraining field is designated as 

Aab- 

• Form of the functional. The total free energy now is 
represented as a functional of p(r), m(r), Uat, Aab, the 
Kohn-Sham potential VR's(r) and Kohn-Sham magnetic 
field, 'Bks{^)- This representation parallels the Harris- 
Methfesscl form (see Eq.lTSl). The LDA+U functional is 
a sum of the kinetic energy, energy related to the external 
potential and possible external magnetic field, Kloa+Ui 
as well as th e interaction energy <t>i£)^+!7[p, m, riaf,] (see 
(|Kotliar and Savrasov. 2001) for more details), i.e. 

TLDA+u[P,m,nab,Xab] = (107) 
K LDA+U [P, m, Uab] - \abnab + LDA+U [P, m, Uab] ■ 

The form of the functional Klda+u is analogous 
to the discussed equations (EHJ, for the 

DFT, BK and SDFT theories. The interaction energy 
'^LDA+u[p, ^ab] IS represented as follows 

<^LDA+u[p,m,nab]^ (108) 
Eh[p\ + E'^^^lp, m] + - ^^-c'^'M, 

This is the LDA interaction energy to which we have 
added a contribution from the on-site Coulomb energy in 
the shell of correlated electrons evaluated in the Hartree- 
Fock approximation 

$^'°''''Kb] - i (Uacdb - Uacbd)nabncd- (109) 

abcd^lc 

Here, indexes a, 6, c, d involve fixed angular momentum Ic 
of the correlated orbitals and run over magnetic m and 
spin a quantum numbers. The on-site Coulomb inter- 
action matrix Uabcd is the on-site Coulomb interaction 
matrix element V^f^^f b^=c(5=d from taken for the 
sub-block of the correlated orbitals. Since the on-site 
Coulomb interaction is already approximately accounted 
for within LDA, the LDA contribution to the on-site 
interaction needs to be removed. This quantity is re- 
ferred to as the "double counting" term, and is denoted 
by 'I'lfc'^'^' [?^ah] ■ Various forms of the double-counting 
functional have been proposed in the pa st. In particular , 
one of the popular choices is given by ijAnisimov et alj 
ll997bD 

W = ic7ne(nc-l)-ij[nl(nl-l)+n;t(ni-l)], 

(110) 
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where = ^^eh ^aa'>aacr: i^c = nl+n^ and where U = 

(2/e + l)^ X^ahe/e , J = U — 2/^(2;^ + !) X^afce/^ i^abba — 

Uabab)- 

• Saddle point equations. The Kohn-Sham equations 
arc now obtained by the standard procedure which gives 
the definitions for the Kohn-Sham potential Vks{^)- the 
effective magnetic field 'Bks{^)- and the constraining 
field matrix Aab- The latter is the difi^erence between the 
orbital-dependent potential Aiab and the contribution 
due to double counting, V^'^' , i.e. 



Aab 
Mab 



^ ab 



^^Alodel 



X(f\AIodel 

= Mab 



SUab SUab 

y^^Uacdb - Uacbd)ncd, (112) 
cd 

Sab[U{nc-l)-J{n^,-^)]. (113) 



• Comments on the parameterization of the functional. 
(i) The LDA+U functional and the LDA+U equations 
are defined once a set of projectors and a matrix of in- 
teractions Uabcd are prescribed. In practice, one can ex- 
press these matrices via a set of Slater integrals which, 
for example, for d-electrons are given by three constants 
^(0)^^(2)^ and F^^'. These can be computed from con- 
strained LDA calculations as discussed in Section ll.B.5l or 
taken to be adjustable parameters. An important ques- 
tion is the form of the double counting term ^^g'^'^^ in 
Eq. piU|) . The question arises whether double-counting 
term should include self-interaction effects or not. In 
principle, if the total-energy functional contains this spu- 
rious term, the same should be taken into account in 
the double-counting expression. Judged by the experi- 
ence that the LDA total energy is essentially free of self- 
interaction (total energy of the hydrogen atom is, for ex- 
ample, very close to -1 Ry, while the Kohn-Sham eigen- 
value is only about -0.5 Ry), the construction <i)*f°'^'^' is 
made such that it is free of the self-interaction. How- 
ever given the unclear nature of the procedure, alterna- 
tive forms of the double counting may include the effects 
of self-interaction. This issue has been reconsidered re- 
cently by Petukhov et al. (Petukhov et al., 2003) who 
proposed more general expressions of double counting 
corrections. 

• Assessment of the method. Introducing additional 
variables into the energy functional allowed for better 
approximations to the ground-state energy in strongly- 
correlated situations. This turned out to be a major 
advance over LDA in situations where orbital order is 
present. The density matrix for the correlated orbitals 
is the order parameter for orbital ordering, and its intro- 
duction into the functional resembles the introduction of 
the spin density when going from the LDA to the LSDA. 

Unfortunately it suffers from some obvious drawbacks. 
The most noticeable one is that it only describes spectra 
which has Hubbard bands when the system is orbitally 
ordered. We have argued in the previous sections that a 
correct treatment of the electronic structure of strongly- 



correlated electron systems has to treat both Hubbard 
bands and quasiparticle bands on the same footing. An- 
other problem occurs in the paramagnetic phase of Mott 
insulators: in the absence of broken orbital symmetry, 
the LDA+U results are very close to the LDA-like solu- 
tion, and the gap collapses. In systems like NiO where 
the gap is of the order of several eV, but the Ncel temper- 
ature is a few hundred Kelvin, it is unphysical to assume 
that the gap and the magnetic ordering are related. 

The drawbacks of the LDA-I-U method are the same as 
those of the static Hartree Fock approximation on which 
it is based. It improves substantially the energetics in 
situations where a symmetry is broken, but it cannot pre- 
dict reliably the breaking of a symmetry in some situa- 
tions. This is clearly illustrated in the context of the Hub- 
bard model where correlation effects reduce the double 
occupancy, and Hartree Fock can only achieve this effect 
by breaking the spin system which results in magnetic 
ordering. For this reason, the LDA+U predicts magnetic 
order in cas es where it is not observed, as, e.g., in the 
case of Pu ^Bouchet et all l2000t Is avrasov and Kotliail 
l200nD . 

Finally, notice that LDA+U can be viewed as an 
approximation to the more sophisticated LDA+DMFT 
treatment consisting of taking the Hartree-Fock approx- 
imation for the exchange-correlation functional ^dmft 
(see (|119ll '). which results in a static self-energy. Even 
in the limit of large interaction U, LDA+DMFT does 
not reduce to LDA+U. For example, LDA+U will incor- 
rectly predict spin ordering temperatures to be on the 
scale of U, while LDA+DMFT correctly predicts them 
to be on the order of J, the exchange interaction. Hence 
LDA+DMFT captures the local moment regime of vari- 
ous materials fsce lIV.C|) . while LDA+U does not. 



D. LDA+DMFT theory 

• Motivation and choice of v ariables. We n o w turn 
to the LDA+DMFT method llAnisimov et all . Il997at 
iLichtenstein and Katsnelsonlll998|) . This approach can 
be motivated from different perspectives. It can be 
viewed as a natural evolution of the LDA+U method to 
eliminate some of its difficulties. It can also be viewed as 
a way to upgrade the DMFT approach, which so far has 
been applied to model Hamiltonians, in order to bring in 
realistic microscopic details. 

To compute the energy in a combination of LDA and 
DMFT one can use an approximate formula to avoid the 
overcounting of the free energy Ftot = Flda + Fdmft — 
FmLDA where FmLDA is a mean-field treatment of the 
LDA Hamiltonian. This proce dure was us e d by H eld et 
al. in their work on Cerium iHeld et oil l2001bl) . Al- 
ternatively, the approach proposed in this section uses 
an effective action construction and obtains an approxi- 
mate functional merging LDA and DMFT. This has the 
advantage of offering in principle stationarity in the com- 
putation of the energy. 
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Method 



Physical Quantity Constraining Field 



Baym-Kadanoff Gap (k, iuj) "^mt.ap (k, iui) 

DMFT (BL) Gioc.Mi^) Mint,c.i3{iij) 

DMFT (AL) Gioc,c0{iuj) A^piiuj) 

LDA+DMFT (BL) p(r), G,oc,ai,M V,„t{r),M^nt.ab{i^) 

LDA+DMFT (AL) p{r),Gioc,ab{i^} V,r,t{r), Aab{iuj) 

LDA+U p{r),nab V^„t{r),Xab 

LDA p{r) V,nt{r) 

TABLE I Parallel between the different approaches, indicat- 
ing the physical quantity which has to be extremized, and the 
field which is introduced to impose a constraint (constraining 
field) . (BL) means band limit and (AL) corresponds to atomic 
limit. 



In this review we have built a hierarchy of theories, 
which focus on more refined observables (see Table . 
At the bottom of the hierarchy we have the density func- 
tional theory which focuses on the density, and at the 
top of the hierarchy we have a Baym-Kadanoff approach 
which focuses on the full electronic Green's function. The 
LDA-f DMFT is seen as an intermediate theory, which fo- 
cuses on two variables, the density and the local Green's 
function of the heavy electrons. It can be justified by re- 
ducing theories containing additional variables, a point of 
view p ut forward recently in Rcf. Savrasov and Kotliafl 

I2nn4bt 

• Construction of the exact functional. We derive 
the equations follow i ng th e effective action point of view 
l|Chitra and Kothail I200H) . To facilitate the comparison 
between the approaches discussed in the earlier sections 
we have tabulated (see Table Pi the central quantities 
which have to be minimized, and the fields which are 
introduc ed to impose a cons traint in the effective action 
method (|Fukuda adll994|) . As in the LDA+U method 
one introduces a set of correlated orbitals Xa(r~R-)- One 
defines an exact functional of the total density p(x) and 
of the local spectral function of the correlated orbitals 
discussed before: 

R 

(114) 

where indexes a, b refer exclusively to the correlated or- 



bitals, and creates Xh(r — R)-. 

We now introduce the sources for the density, L{x), 
and for the local spectral function of the correlated or- 
bitals, Jioc.Rab{T,T'). These two sources modify the ac- 
tion as follows 



S' + J L{x)ip+{x)ilj{x)dx + (115) 

/ Jloc,Rab{Ty)c'^^{T)cRb{T')dTdT'. 



Rab ' 



This defines the free energy of the system as a functional 
of the source fields after H33|l . Both density and local 
Green's function can be calculated as follows 



6F 
SL{x) 



SF 



6Jloc,R.baiT' ,t) 



= Gloc,abiT,T'). 



(116) 



(117) 



Then, the functional of both density and the spectral 
function is constructed by the Legendrc transform. This 
is an exact functional of the density and the local Green's 
function, T{p,Gioc), which gives the exact total free en- 
ergy, the exact density, and the exact local Green's func- 
tion of the heavy electrons at the stationary point. 

• Exact representations of the constraining field. A 
perturbative construction can be carried out either 
around the atomic limit or around the band limit fol- 
lowing the inversion method. Unfortunately the latter is 
very involved and has not been yet evaluated, except for 
the lowest order (so-called "tree") level neglecting non- 
local interactions. One can also perform a decomposition 
into the lowest order term (consisting of "kinetic energy" ) 
and the rest (with an exchange and correlation energy). 

• Constructing approximations. Given that DMFT has 
proven to accurately describe many systems at the level 
of model Hamiltonians, and that LDA has a long his- 
tory of success in treating weakly correlated materials, 
LDA+DMFT is obviously a reasonable choice for an ap- 
proximation to the exact functional. 

The functional implementation corresponding to this 
approximation is given by Tlda+dmft and has the form 



^LDA+DMFt[P,Gioc, Vint, Mint] — 

-Trln[^cJ + + - V,,t - Vnt ' J2i^^"t,abi^^) - Moaabhair - R)Xfc*(r' - R)] (118) 



abR 



/ Vintir)p{r)dr - T ^ ^[X,„t,a6(iw) - MDC.ab]Gloc,ba(i'^) + Eh[p] + E^^'^ip] + '^^DMFT[Gloc,ab] - <^Dc[nab]- 

^ A, , 



iuj ah 



^ DMFT[Gioc,ah] IS tlic sum of all two-partlclc irreducible graphs constructed with the local part of the interaction 



26 



and the local Green's function, and ^Dcl^-ab] is taken 
to have the same form as in the LDA+U method, Eq. 
piO|l . In a fixed tight-binding basis, — + Vext reduces 
to ^|,ft'(k) and the functional Tlda+dmft Eq. H119(l . for 
a fixed density truncated to a finite basis set, takes a form 
identical to the DMFT functional which was discussed in 
Section UlSI 

• Saddle point equations. Minimization of the func- 
tional leads to the set of equations with the Kohn-Sham 
potential and 



MoCab 



(5$ 



DMFT 



S<^DC 



Suba 



(119) 
(120) 



which identifies matrix M.int.ab{i^) as the self-energy of 
the generalized Anderson impurity model in a bath char- 
acterized by a hybridization function l^ab{i^) obeying 



the self-consistency condition 

{iu + fl)Oab - Cah " Aa6(iw) - Mint,ab{-i'^) = ( 



By examining the limiting behavior ito oo, we get 
the definition of the average overlap matrix Oab for the 
impurity levels as inverse of the average inverse overlap, 
i.e. 



(122) 



Similarly, the matrix of the impurity levels has the fol- 
lowing form 



cd 



^6-i(k)[/i(^^^)(k) + A^„,t(ioo) -Xi5c]0"'(k) 



Odb - Mint.abiioo). 



cd 



Finally, minimization of Eq. (|119|l with respect to Vef / indicates that p(r) should be computed as follows 



pir)=Tj2(r 



[iuj + fi + V^ - Veff - J2^Mu-u,abi^^) - Moc.abhair ~ R)xJ(r' - R)] ^ 

I 



abR 



r ) e 



(123) 



(124) 



The self-consistency in the LDA-I-DMFT theory is per- 
formed as a double iteration loop, the inside loop is over 
the DMFT cycle and the outside loop is over the electron 
density, which modifies the one-electron LDA Hamilto- 
nian. The self-consistent cycle is illustrated in Fig. |51 

• Evaluation of the total energy. In general, the free 
energy is Ftot — Etot — TS, where Etot is the total en- 



ergy and S is the entropy. Both energy and entropy 
terms exist in the kinetic and interaction functionals. 
The kinetic energy part of the functional is given by 
Ksdft[G] = Tr( — V^-I-Vext)^ while the potential energy 
part is ^TiMintGioc therefore the total energy within 
LDA+DMFT becomes 



= r^^gkj^ek,^- / y™t(r)p(r)dr-r^^[A^M(zc^)-A^Z3aa6]G 

loc.ba 

kj ioJ iuJ ab 

+Eh[p] + E^!'^] + ir^^ Al„,t,,b(«w)G/oe,ha(iw) - ^Dc[nab], (125) 



iLJ ab 



where the frequency-dependent eigenvalues ekjo; come eigenvalue problem similar to (|89|l : 
as a result of diagonalizing the following non-hermitian 

E \^^ap"^^^^) + ^aa<5;3fc(A^mt,ah(jw) - MoCab)- 

ekj^Oa/3(k)]V'£-.,;3 = 0. (126) 
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Also, 



1 



(127) 



is the Green's function in the orthogonal left /right repre- 
sentation which plays a role of a "frequency-dependent 
occupation number" . 

LDA+DMFT 



LDA 



n 



n 



IMPURITY SOLVER 



FIG. 9 Illustration of self-consistent cycle in spectral density 
functional theory with LDA+DMFT approximation: double 
iteration cycle consists of the inner DMFT loop and outer 
(density plus total energy) loop. 

Evaluation of the entropy contribution to the free 
energy can be performed by finding the total energy 
at several ternperatu res and then taking the integral 
l)Georges et aZ.l ll996(l 



SiT) = S{oo) - 



T' 



clT' 



The infinite temperature limit S{oo) for a well defined 
model Hamiltonian can be worked out. This program was 
imple mented for the Hvibbard model ijRozenberg et al\. 
I1994 and for Ce (|Hcld e±aL,2MM- K we are not deal- 
ing with a model Hamiltonian construction one has to 
take instead of infinity a sufficiently high temperature so 
that the entropy 5'(oo) can be evaluated by semiclassical 
considerations. 

• Choice of basis and double counting. The basis can be 
gradually refined so as to obtain more accurate solutions 
in certain energy range. In principle this improvement is 
done by changing the linearization energies, and the ex- 
perience from density functional implementations could 
be carried over to the DMFT case. 

Notice that the rational for the double counting term 
described in Eq. I|11U|) was chosen empirically to fit the 
one-part icle spectra of Mott ins ulator (for further discus- 
sion see (jPetukhov et alLhOO^ ) and deserves further in- 
vestigations. All the discussion of double counting terms 
in LDA+U hteraturc can be extended to LDA+DMFT. 



Notice that as long as the equations are derivable from 
a functional, the Luttinger theorem is satisfied (in the 
single-site DMFT case). 

In addition to the forms of double counting terms dis- 
cussed in Section III. CI it has been proposed to use the 
DMFT self-energy at zero or at infinity for the double 
counting. One possibility 



M 



DC,ab 



N 



— Sab^Mint,a'a'{0), 
dcg a' 



(129) 



was suggested and implemented by Lichtenstein et 
al. in their work on Fe and Ni l)Lichtenstein et all . 
l200l|) . The spin polarized version of this term, has 
been recently applied to Iron with encouraging results 
(|Katsnelson and LichtensteinLl2000(l . 

• Assessment of the LDA+DMFT method. The addi- 
tion of a realistic band theory to the DMFT treatment of 
models of correlated electron systems has opened a new 
area of investigations. To the many-body theorist, the 
infusion of a realistic band theory allows one to make 
system-specific studies. Some of them are listed in Sec- 
tion ^3 on materials. For the electronic structure com- 
munity, the LDA+DMFT method allows the treatment 
of a variety of materials which arc not well treated by 
the LDA or the LDA+U method, such as correlated met- 
als and systems with paramagnetic local moments. The 
main shortcoming is in the arbitrariness in the choice of 
the correlated orbitals, in the estimation of the U, and 
the ambiguity in the choice of double counting correc- 
tion. This may turn out to be hard to resolve within this 
formalism. The ideas described in the following section 
formulate the many-body problem in terms of fluctuat- 
ing electric fields and electrons, treat all the electrons on 
the same footing, provide an internally consistent evalu- 
ation of the interaction, and eliminate the need for the 
double counting correction. 



E. Equations in real space 

• Functional of the local Green's function in real space. 
The success of the dynamical mean-field approxima- 
tions is related to the notion that the local approxi- 
mation is good in many situations. Thus far, the no- 
tion of locality has only been explored after choosing 
a set of tight-binding orbitals, but it can also be for- 
mulat ed directly in real sp stressed recently in 

ReL llChitra and Kotliail l20nOat Is avrasov and Kotliail 
l2n04bD . This is necessary in order to make direct contact 
with theories such as density functional theory, which is 
formulated directly in the continuum without resorting 
to a choice of orbitals or preferred basis set. The theory 
is formulated by defining the local Green's function to 
be the exact Green's function G(r, r',z) within a given 
volume flioc and zero outside. In other words. 



G,oc(r,r',z) = G(r,r',z)0z„,(r,r' 



(130) 
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where r is within a primitive unit ceU Qc positioned at 
R = while r' travels within some volume f2;oc centered 
at R = 0. Theta function is unity when r S f^c, r' G ^lioc 
and zero otherwise. This construction can be translation- 
ally continued onto entire lattice by enforcing the prop- 
erty 0iocir + R, r' + R) = Oiocir, r'). 

The procedures outlined in the previous sections can 
be applied to the continuum in order to construct an ex- 
act functional which gives the exact free energy, the local 
Green's function (in real space), its Kohn-Sham for- 
mulation, and its dynamical mean-field approximation 
(by restricting the interaction in the full Baym-Kadanoff 
fimctional to the local Green's function). 

This approach has the advantage that the density is 
naturally contained in this definition of a local Green's 
function, and therefore the density functional theory is 
naturally embedded in this formalism. Another advan- 
tage is that the approach contains the bare Coulomb in- 
teraction, and therefore is free from phcnomenological 
parameters such as the Hubbard U. However, this may 
create problems since it is well-known that significant 
screening of the interactions occurs within real materi- 
als. Therefore, it is useful to incorporate the effects of 



screening at a level of functional description of the sys- 
tem. 

• Motivation and choice of variables: spectral density 
functional of the local Green's functions and of the local 
interaction. We introduce two local source fields Jioc and 
Kioc which probe the local electron Green's function Gioc 
defined earlier and the local part of the boson Green's 
function Wioc{x,x') = {Tr4'{x)(j){x'))9ioc{'r,v') being the 
screened interaction (see Section II.B.3|I . This general- 
ization represents the ideas of the exte nded dynamical 
mean-field theory ijSi and Smithl. 11994 - now viewed as 
an exact theory. Note that formally the cluster for the 
interaction can be different from the one considered to 
define the local Green's function H13U|) but we will not 
distinguish between them for simplicity. The auxiliary 
Green's function t/(r, r', iuo) as well as the auxiliary inter- 
action W(r, r', ibj) are introduced which are the same as 
the local functions within non-zero volume of Oiod'r, r') 

Gioc[vy,iuj) = g{v,v\iuj)eioc{ry), (lai) 

Wioc{v,v',iuj) = W{v,v',iuj)dioc{ry). (132) 
The spectral density functional is represented in the form 
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It can be viewed as a functional Tsdft[Gioc,Wioc] 
or alternatively as a functional TsDi^Tl^, VV]. 
^ Sdft[Gioc,Wioc] is formally not a sum of two- 
particle diagrams constructed with Gioc and Wjoc, but in 
principle a more complicated diagr ammatic expression 
can be derived foll owing Refs. llChitra and KotliaR 
Eiml iFukuda et nil. IValiev a,nd Ferna,ndnL l1997^. 

A more explicit expression involving a coupling constant 
integration can be given. Examining stationarity of 
TsDFT yields saddle-point equations for g{r,r',iuj) and 
for W(r,r\iu) 

g-\r,r',iLu) = Go\r,r',^Lu)-M^ntir,r',^Lu), (134) 
W-\r,r',iLu) = V(.\r-r')-r{r,r\iLu), (135) 

where Mi„t(v, r', iuj) is the auxiliary local mass operator 
defined as the variational derivative of the interaction 
fmictional: 
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Notice again a set of parallel observations for V as for 
Mint- Both V and Mint are local by construction, i.e. 
these are non-zero only within the cluster restricted by 
9ioc{v,v'). Formally, they are auxiliary objects and can- 
not be identified with the exact self-energy and suscep- 
tibility of the electronic system. However, if the ex- 
act self-energy and susceptibility are sufficiently local- 
ized, this identification becomes possible. If the cluster 
r2;oc includes the physical area of localization, we can 
immediately identify M.intir,r' ,iLu) with Si„((r, r', iw), 
^(r, r',ia;) with n(r,r',iw) in all space. However, both 
g{r,r',iuj) and G{r,r' ,iuj) as well as W and W are al- 
ways the same within flioc regardless its size, as it is seen 
from ((nT|l and ((0^ . 

• Practical implementation and Kohn-Sham represen- 
tation. The Kohn-Sham Green's function can be calcu- 
lated using the following representation 



6g(r',r,iLL!) SGiocij' ,r,iu!) 



Oioc{r,r'), 
(136) 



7'(r, r',za;) is the effective susceptibility of the system 
defined as the variational derivative 



g{r,r\iuj) = 2^- 



(138) 



P(r, r', zw) 



— 2S'ilsDFT _ -~'25'^SDFT q , 

(SW(r', r, iu;) 5Wioc{tc' ^v^iuj) ' ' where the left ip^j^{r) and right V'kjwl'") states satisfy 

(137) the following Dyson equations 
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X,e(r,r',zc^X,^(r')dr' 



(139) 
(140) 
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These equations should be considered as eigenvalue prob- 
lems with a complex, non-hermitian self-energy. As a 
result, the eigenvalues ekjuj are complex in general, and 
the same for both equations. The explicit dependence on 
the frequency iu of both the eigenvectors and eigenval- 
ues comes from the self-energy. Note that left and right 
eigenfunctions are orthonormal 
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and can be used to evaluate the charge density of a given 
system using the Matsubara sum and the integral over 
the momentum space 
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It can be shown ijSavrasov and Kothaill2004bD that this 
system of equations reduces to the Kohn-Sham eigensys- 
tem when the self-energy is frequency independent. 



Note that the frequency-dependent energy bands ekj^j 
represent an auxiliary set of complex eigenvalues. These 
are not the true poles of the exact one-electron Green's 
function G(r, r', z). However, they are designed to repro- 
duce the local spectral density of the system. Note also 
that these bands ekjz sue not the true poles of the aux- 
iliary Green's function f/(r,r',z). Only in the situation 
when C/ is a good approximation to G, the solution of the 
equation z + iJ — ek^z = gives a good approximation for 
the quasiparticle energies 



• Evaluation of the total energy. The energy- 
dependent representation allows one to obtain a very 
compact expression for the total energy. As we have ar- 
gued, the entropy terms are more difficult to evaluate. 
However, as long as we stay at low temperatures, these 
contributions are small and the total energy approach is 
valid. In this respect, the SDFT total energy formula 
is obtained by utilizing the relationship ekji^; = ("^kjwl ~ 



\-y^+Ve.t+VH+M.c\i^^^J 



EsDFT =tY. E ffkj-ekjc. " ^ E / dvdv'Meffiv, r', ioj)g{v' , r, luj) 

iuj kj iijj 

+ j dvVe^tiY)p{r)+EH[p\ + \TY, j drdr'M.cir, r', ia;)Gio,(r', r, iw). 
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where Meff = Mmt + Vext and gkjw = l/{iu} + fi ~ 
^kjuj)- For the same reason as in DFT, this expression 
should be evaluated with the value of the the self-energy 
Meff which is used as input to the routine performing 
the inversion of the Dyson equation, and with the value 
of the Green's function Q which is the output of that 
inversion. 

• Constructions of approximations. The dynamical 
mean-field approximation to the exact spectral den- 
sity functional is defined by restricting the interaction 
part of Baym-Kadanoff functional sdft[Gioc,Wioc] to 
G/oc(i", I"', z) and W;oc(i", i"', «w). The sum over all the di- 
agrams, constrained to a given site, together with the 
Dyson equations can be formulated in terms of the so- 
lution of an auxiliary Anderson impurity model, after 
the introduction of a basis set. We introduce a bath 
Green's function 5o(r,r',iw) and a "bath interaction" 



Vo{r,r' ,ioj) defined by the following Dyson equations 

g^'ir,r\iLo) - Gr„i(r,r',zc^) + X„t(r,r',zc^), (144) 
Vo\r,r',iuj) = Wi~^{r,r',iuj) + V{r,r',iuj). (145) 

Note that formally neither Qq nor Vq can be associated 
with non-interacting Gq and the bare interaction vc, re- 
spectively. These two functions are to be considered as 
an input to the auxiliary impurity model which delivers 
new Mint{r, r', iu) and V{r, r', iuj). 

To summarize, the effective impurity action, the Dyson 
equations (|144|1 . H145|l connecting local and bath quanti- 
ties as well as the original Dyson equations H134|) . H135|) 
constitute a self-consistent set of equations as the saddle- 
point conditions extremizing the spectral density func- 
tional rsDFT{G,yV)- They combine cellular and ex- 
tended versions of DMFT and represent our philosophy in 
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the ab initio simulation of a strongly-correlated system. 
Since Mint and V are unknown at the beginning, the so- 
lution of these equations assumes self-consistency. First, 
assuming some initial Mint and V, the original Dyson 
equations (|134|l . H135() are used to find Green's function 
Q and screened interaction W. Second, the Dyson equa- 
tions for the local quantities H144|) , (|145|l are used to find 
^Oj Vq. Third; quantum impurity model with input Qo- 
is solved by available many-body technique to give new 
local Mint and V : this is a much more challenging task 
than purely fermionic calculations (e.g. cluster DMFT in 
Hubbard model), which can only be addressed at present 
with Quantum Monte Carlo methods using continu ous 
Hubbard- Stratonovich fields l)Sun and Kotliaii l2002h or 
po ssibly with cont i nuous Quantum Monte Carlo studied 
m l)Rubtsov et all . \200^ . The process is repeated until 
self-consistency is reached. This is schematically illus- 
trated in Fig. ^1 Note here that while single-site im- 
purity problem has a well-defined algorithm to extract 
the lattice self-energy, t his is not generally true for the 
cluster impurity models (jBiroli et aZ.I . l200l^ . The latter 
provides the self-energy of the cluster, and an additional 
prescription such as implemented within cellular DMFT 
or DCA should be given to construct the self-energy of 
the lattice. An interesting observation can be made on 
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FIG. 10 Illustration of the self-consistent cycle in spectral 
density functional theory within the local dynamical mean- 
field approximation: both local Green's function Gioc and 
local Coulomb interaction Wioc are iterated. Here we illus- 
trate one possible explicit realization of the abstract general 
SDFT construction. This requires an explicit definition of 
Gioc, which for the purpose of this figure is done by means of 
the use of a tight binding basis set. 

the role of the impurity model which in the present con- 
text appeared as an approximate way to extract the self- 
energy of the lattice using input bath Green's function 
and bath interaction. Alternatively, the impurity prob- 
lem can be thought of itself as the model which delivers 
the exact mass operator of the spectral density functional 
l|Chitra and Kothail I200H1 . If the latter is known, there 
should exist a bath Green's function and a bath interac- 



tion which can be used to reproduce it. In this respect, 
the local interaction Wioc appearing in our formulation 
can be thought of as an exact way to define the local 
Coulomb repulsion "?7" , i.e. the interaction which deliv- 
ers exact local self-energy. 

• Local GW. A si mplified version of th e de- 
scribed c onstructi on ijKotliar and Savrasovl l200lt 
IZein and An tropov. I200I is known as a local version of 
the GW method (LGW). Within the spectral density 
functional theory, this approximation appears as an 
approximation to the functional sdft{Gioc,Wioc\ 
taken in the form 



1. 



-TlGlocWlocGu 



(146) 



As a result, the susceptibility 'P{r,r\iuj) is approxi- 
mated by the product of two local Green's functions, i.e. 
V = ~26'i' LGW / SWioc = GiocGioc, and the exchange- 
correlation part of our mass operator is approximated 
by the local GW diagram, i.e. M^c = lgw/^Gioc = 
—GiocWioc- Note that since the local GW approximation 
(|146|l is relatively cheap from a computational point of 
view, its implementation for all orbitals within a cluster 
is feasible. The results of the single-site approximation 
for the l ocal quantities were alrea dy reported in the lit- 
erature l)Zein and Antropovll2002(l . 

Note finally that the local GW approximation is just 
one of the possible impurity solvers to be used in this 
context. For example, another popular approxima- 
tion kno wn as the fluctuation exchange approximation 
(FLEX) l)Bickers and Scalapinol ll9891 can be worked out 
along the same lines. 

• Assessment of the method. The described algo- 
rithm is quite general, totally ab initio, and allows the 
determination of various quantities, such as the local 
one-electron Green's functions Gioc and the dynami- 
cally screened local interactions Wioc- This challenging 
project so far has only been carried out on the level 
of a model Hamiltonian (ISun and Kothail I200I . On 
the other hand, one can view the LDA-I-DMFT method 
as an approximate implementation of this program, as 
discussed in Rcf. (Sav rasov and Kot liar. 200^^. Note 
also that the combination of the DMFT and full GW 
algo rithm has been recent ly proposed and applied to 
Ni ijBiermann et all. \200^ . This in principle shows 
the way to incorporate full k-dependence of the self- 
energy known diagrammatically within GW. The first 
implementation of a fully self-consistent spectral density 
functional calculation within the LDA-I-DMFT app rox- 
imation was carried out in ijSavrasov et all l200l|) us- 
ing the full potential LMTO basis set (for details see 
llSavrasov and Kothari 12004^). Since then the method 
has bee n implemented i n the e xact muffin tin orbital ba- 
sis set (IChioncel a?J.l2003bl) as we ll as in a fully KKR 
implementation l^Mina^e^l. , l2005f) . 

The spectral density functional theory contains the lo- 
cal or cluster GW diagrams together with all higher or- 
der local corrections to construct an approximation to 
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the exact A4xc- Just hke the Kohn-Sham spectra were 
a good starting point for constructing the quasiparticle 
spectra for weakly correlated electron systems, we expect 
that Mxc will be a good approximation for strongly- 
correlated electron systems. This is a hypothesis that 
can be checked by carrying out the perturbation expan- 
sion in nonlocal corrections. 



F. Application to lattice dynamics 

Computational studies of lattice dynamics and 
structural stability in strongly-correlated situations 
is another challenging theoretical pr oblem whi c h has 
been recently addressed in Refs. l|Dai et all l2003t 
[Savrasov and Kotliar, 200'^ . LDA has delivered the full 
lattice dynamical information and elect ron-phonon re- 
lated properties of a variety of simple metals, transition 
metals, as well as semicond uctors with exceptional ac- 
curacy (|Baroni et all l200lt) . This is mai nly due to an 
intro d uctio n of a l inear response approach ijBaroni et all 
119871: IZeini I1984D . This method overcame the prob- 
lems of traditional techniques based on static suscepti- 
bility calculations which generally fail to reproduce lat- 
tice dynamical properties of real materials due to diffi- 
culties connected with the summations in high-energy 
states and the inversion o f very large dielectric matrix 
|)J. T. Devreese and Cai^ll983|) . 

Despite these impressive successes, there is by now 
clear evidence that the present methodology fails when 
applied to strongly-correlated materials. For example, 
the local density predictions for such properties as bulk 
modulus and elastic constants in metallic Plutonium are 
approx imately one or d er of magnitude off from exper- 
iment ijBouchet et all l2000() : the phonon spectrum of 
Mott ins ulators such as MnO i s not predicted correctly 
by LDA (|Massidda et all\l99^ . 

Recently, a linear response method to study the lat- 
tice dynamics of correlated materials has been developed 
llDai et all f2003t ISavrasov and Kotliail I200I . The dy- 
namical matrix being the second order derivative of the 
energy can be computed using spectral density functional 
theory. As with the ordinary density functional formu- 
lation of the problem ijSavraso we deal with the 
first order corrections to the charge density, Sp, as well as 
the first order correction to the Green's function SG{i(^) 
which should be considered as two independent variables 
in the functional of the dynamical matrix. To find the 
extremum, a set of the linearized Dyson equations has to 
be solved self-consistently 

(147) 

which leads us to consider the first order changes in the 
local mass operator A4eff{i(^)- Here and in the follow- 
ing we will assume that the phonon wave vector of the 
perturbation q is different from zero, and, therefore, the 
first order changes in the eigenvalues 6eu_jaj drop out. The 
quantity SA4eff{ii^) is a functional of SQ{iuj) and should 



be found self-consistently. In particular, the change in 
the self-energy SMeffiiui) needs a solution of an AIM 
linearized with respect to the atomic displacement, which 
in practice requires the computation of a two-particle ver- 
tex function T = S'^^sdft{Gioc)/ [SGiocSGioc]- 

In practice, change in the eigenvector Sip^j^j has 
to be expanded in some basis set. Previous lin- 
ear respo nse schemes were base d on tight -binding 
methods (IVarma and Webeii Il977^ plane wav e pseu- 
dopotentials llBaroni e< airil987l; iGonze et all Il992t 
iQuong and Kleinl Il992t IZeinl fl98.^. l inear aug- 
mente d plane waves llYu and Krakaueil Il994 - mixed or- 
bitals llHeid and BohnenLll999|r and linear muffin-tin or- 
bitals ijSavrasovl Il992(l . Due to explicit dependence 
on the atomic positions of local orbital basis sets both 
Hellmann-Feynman contributions and incomplete basis 
set correctio ns appear in the expression for the dynam- 
ical matrix ijSavrasovl Il996f) . The functions S^/j^j^ are 
represented as follows 
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where we introduced both changes in the frequency- 
dependent variational coefficients SA^^'^ as well as 
changes in the basis functions (5xq ■ The latter helps us to 
reach fast convergence in the entire expression (|148|1 with 
respect to the number of the basis functions {a} since the 
contribution with Sx^ takes int o account all rig id move- 
ments of the localized orbitals l)Savrasovl Il992 
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FIG. 11 Illustration of the self-consistent cycle to calculate 
lattice dynamics within the spectral density functional theory. 

The first-order changes in the Green's function can be 
0, found as follows 



SGiociiuj) 



ILU + p - Ckjo. 



(149) 



which should be used to evaluate the first order change in 
the charge density and the dynamical matrix itself (see 
Fig. CH). 
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A simplified version of the approach, neglecting 
the impurity vertex function, was successfully ap- 
plied to the paramagnet i c pha ses of Mott insula- 
tors (jSavrasov and Kotliail l2003^ as well as to high- 
temperature phases of Plutonium ijPai et all \200^ . We 
will describe these applications in Section HVI 



G. Application to optics and transport 



where /(e) is the Fermi function, and the transport func- 
tion (t>fj,u{£,£') is 



-(^'^') = ^ETr{V^Pk,(£)V.pky(£')}, (151) 



Optical spectral functions such as conductivity or re- 
flectivity are very important characteristics of solids and 
give us a direct probe of the electronic structure. 

Here we outline an approach which allows to calcu- 
late the optical properties of a strongly-correlated ma- 
terial within the spectral density functiona l framework 
(|Oudovenko et al ]. l2n04btlPCTiov et a^lEool . This work 
extends th e methodology iii use fo r weak correlated sys- 
tems (see (|Maksimov et al\ , Il988() ) to correlated mate- 
rials. The optical conductivity can be expressed via 
equilibrium st ate current-current correlation function 
l|MahanLlT99l and is given by 



where VLr is the unit cell volume and 
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is expressed via retarded one-particle Green's function, 
Qv.j{£)^ of the system. Taking limit of zero temperature 
and using the solutions ekj^^ and V'kj'w of Dyson equa- 
tion H139|l , (|140|l on the real frequency axis we express the 
optical conductivity in the form 
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where we have denoted = e ±uj/2, and used the ab- 
breviated notations ej^^^ = ekje, Cj^^^ = e^^-^. 

The matrix elements M\^jji are generalizations of the 
standard dipole allowed transition probabilities which are 
now defined with the right and left solutions ^/i^and t/'^ 
of the Dyson equation 

(£,£')= (154) 

/ {r^.^sY'^ ,{i^^f,Y dv J (<-,,,)^'v.(V'^g^dr, 

where we have denoted V'kje = V'kje ' ^kjs ''^'kje ^^'^ 
assumed that (i^kje)^ = V'kje while (i/'£jj" = 
The expressions H153|) . (|155ll represent generalizations 
of the formulae for optical conductivity for a strongly- 
correlated system, and involve the extra internal fre- 
quency integral in Eq. (|153() . 

Let us consider the non-interacting limit when 
■Mxci^^) ^ i-f ^ 0. In this case, the eigenvalues ekje = 
ekj+n-V'kje = i^tje = = (kj| and the matrix 
elements M^--I^'^{e, e') are all expressed via the standard 



dipole transitions |(kj|V|kj')p. Working out the energy 
denominators in the expression H153|l in the limit 17 — > 
and for a; 7^ leads us to the usual form for the conduc- 
tivity which for its interband contribution has the form 

cT,.{u:) = ^ E (kj|V^|kj')(k/|V.|kj) X 

kj'#i 

[/(ekj) - /(ekj')](5(ek, - ^kj' + lo). (155) 

To evaluate the expression a^y{u}) numerically, one 
needs to pay special attention to the energy denomina- 
tor l/(ti> + ekjg- ~ ^kj'e+) ™ H153|l . Due to its strong 
k-depende nce the tetrahedron method of Lambin and 
Vigneron ijLambin and Vigneronl Il984|l should be used. 
On the other hand, the difference in the square brack- 
ets of Eq. p53|l is a smooth function of k and one can 
evaluate it using linear interpolation. This allows one 
to calculate the integral over e by dividing the inter- 
val —uj/2 < e < +uj/2 into discrete set of points Si 
and assuming that the eigenvalues ekje and eigenvec- 
tors V'kje can to zeroth order be approximated by their 
values at the middle between each pair of points i.e. 
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ef = Ei ± w/2 + (ei+i — Si) /2. In this way, the integral is 
replaced by the discrete sum over internal grid defined 
for each frequency to, and the Dyson equation needs to 
be solved twice for the energy ef and for the energy e~ 
The described procedure produces fast and accurate al- 
gorithm for evaluating the optical response functions of 
a strongly-correlated material. 

Similar developments can be applied to calculate the 
transport properties such as dc-resistivity. The trans- 
port parameters of the system are expressed in terms of 
so called kinetic coefficient, denoted here by Am- The 
equation for the electrical resistivity is given by 



and the thcrmopower and the thermal conductivity are 
given by 

Within the Kubo formalism ijMahanL Il993(l the ki- 
netic coefficients arc given in terms of equilibrium state 
current-current correlation functions of the particle and 
the heat current in the system. To evaluate these correla- 
tion functions an expression for electric and heat currents 
are needed. Once those currents are evaluated, transport 
with DMFT reduces to the evaluation of the transport 
function 

= 7^ETrK(e)p.(e)t)^(e)/5fc(e)}, (158) 

k 

and the transport coefficients 

/oo 
der-{e)f{e)f{-e){(3er, (159) 
'OO 

The described methodology has been applied to 
calcula te the optical con ductivitv jOu dovenk o et al\ . 
l2004b() . the thermopower (|Palsson and Kotfiail Il998|) . 
the DC -resistivity, and the the rmal conductivity for 
LaTiOs (|Oudovenko e.t r7i.Ll2nn4rD. 

III. TECHNIQUES FOR SOLVING THE IMPURITY 
MODEL 

In practice the solution of the dynamical mean-field 
(DMFT) equations is more involved than the solution of 
the Kohn-Sham equations, which now appear as static 
analogs. There are two central elements in DMFT: the 
self-consistency condition and the impurity problem (sec 
Fig. El- The first step is trivial for model calculations but 
becomes time consuming when realistic band structures 
are considered. U sually it is done using t he tetrahedron 
method (see, e.g., (jAnisimov et adll9974 - programs and 
algorithms for caring out this step are described at http : 
/ /dm ftreview.rutgers.edu). 



The second step in the DMFT algorithm, i.e. the solu- 
tion of the impurity problem, is normally the most diffi- 
cult task. Fortunately, we can now rely on many years of 
experience to devise reasonable approximations for car- 
rying out this step. At the present time, there is no uni- 
versal impurity solver that works efficiently and produces 
accurate solutions for the Green's function in all regimes 
of parameters. Instead what we have is a large number 
of techniques, which are good in some regions of param- 
eters. In many cases when there are various methods 
that can be applied, there is a conflict between accuracy 
and computational cost, and in many instances one has 
to make a compromise between efficiency and accuracy 
to carry out the exploration of new complex materials. 
It should be noted that the impurity solver is one com- 
ponent of the various algorithms discussed, and that for 
a given material or series of materials, one should strive 
to use comparable realism and accuracy in the various 
stages of the solution of a specific problem. 

For space limitations, we have not covered all the meth- 
ods that are available for studying impurity models, but 
we simply chose a few illustrative methods which have 
been useful in the study of correlated materials using 
DMFT. In this introductory section, we give an overview 
of some of the methods, pointing out the strengths and 
limitations of them and we expand on the technical de- 
tails in the following subsections. 

There are two exactly soluble limits of the multiorbital 
Anderson impurity model, for a general bath. The atomic 
limit when the hybridization vanishes and the band limit 
when the interaction matrix U is zero. There are meth- 
ods which are tied to expansions around each of these 
limits. The perturbative expansion in the interactions is 
described in section UlI. A! It is straightforward to con- 
struct the perturbative expansion of the self-energy in 
powers of U up to second order, and rcsum certain classes 
of diagrams such as ring diagrams and ladder diagrams. 
This is an approach known as the fluctuation exchange 
approximation (FLEX), and it is certainly reliable when 
U is less than the half-bandwidth, D. These impurity 
solvers are very fast since they only involve matrix mul- 
tiplications and inversions. They also have good scaling, 
going as where N is the number of orbitals or the 
cluster size. 

The expansion around the atomic limit is more com- 
plicated. A hybridization function with spectral weight 
at low frequencies is a singular perturbation at zero tem- 
perature. Nevertheless approaches based on expansion 
around the atomic limit are suitable for describing ma- 
terials where there is a gap in the one-particle spectra, 
or when the temperature is sufficiently high that one can 
neglect the Kondo effect. This includes Mott insulating 
states at finite temperatures, and the incoherent regime 
of many transition metal oxides and heavy fermion sys- 
tems. Many approaches that go beyond the atomic limit 
exist: direct perturbation theory in the hybridization, re- 
summations based on equation of motion methods, such 
as the Hubbard approximations, resolvent methods, and 
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slave particle techniques such as the non-crossing approx- 
imation (NCA) and their extensions. We describe them 
in sections UllHl and UlLCl 

There are methods, such as the quantum Monte Carlo 
method (QMC), or functional integral methods which 
are not perturbative in either U or in the bandwidth, 
W. In the QMC method one introduces a Hubbard- 
Stratonovich field and averages over this field using 
Monte Carlo sampling. This is a controlled approxi- 
mation using a different expansion parameter, the size 
of the mesh for the imaginary time discretization. Un- 
fortunately, it is computationally very expensive as the 
number of time slices and the number of Hubbard- 
Stratonovich fields increases. The QMC method is de- 
scribed in section IlII.DI It also has a poor scaling with 
the orbital degeneracy, since the number of Hubbard- 
Stratonovich fields increases as the square of the orbital 
degeneracy. Mean-field methods are based on a func- 
tional integral representation of the partition f unction , 
and the introduction of aux iliary slave bosons jBarnesl 
1X9761 ll977HColemanlll 984'). The saddle point approx- 
imati on ijKotlia^ndR uckonstoiu. 198^ iRasul and Ll 
Il988|) gives results which are very similar to those of the 
Gutzwiller method, and corrections to the saddle poin t 
can be carried out by a loop expansion ()Li et a/J ■ ll989^ . 
Unfortunately the perturbative corrections to the saddle 
point are complicated and have not been evaluated in 
many cases. We review the mean-field theory in section 
nTTEl 

Intcrpolativc methods bear some resemblance to the 
analytic parameterizations of Vxc in LDA. One uses dif- 
ferent approximations to the self-energy of the impurity 
model, viewed as a functional of A[iLu), in different re- 
gions of frequency. The idea is to construct interpolative 
formulae that become exact in various limits, such as zero 
frequency where the value of the Green's function is dic- 
tated by Luttinger theorem, high frequencies where the 
limiting behavior is controlled by some low-order mo- 
ments, and in weak and strong coupling limits where one 
can apply some form of perturbation theory. This ap- 
proach has been very successful in unraveling the Mott 
transition problem in the context of model Hamiltonians, 
and it is beginning to be used for more realistic studies. 
We review some of these ideas in section UlI.!*'! 

In this review, we have not covered techniques based 
on exact diagonalization methods, and their improve- 
ments such as Wilson renormalization group (RG) tech- 
niques and density matrix renormalization group meth- 
ods. These are very powerful techniques, but due to the 
exponential growth of the Hilbert space, they need to be 
tailored to the application at hand. In the context of 



model Hamiltonians, it is worth mentioning that the ex- 
act solution for the critical properties of the Mott tran- 
sition w as obtained w i th th e projective self-consistent 
method (|Moeller et all . \l99^ . which is an adaptation of 
Wilson RG ideas to the specifics of the DMFT study of 
the Mott transition. This method sets up a Landau the- 
ory and justifies the use of exact diagonalization for small 
systems to determine the critical properties near the tran- 
sition. Further simplifications of these ideas, which in 
practice amounts to the exact diagonalization methods 
wit h one site , have been used by Potthoff and cowork- 
ers ()Potthofl].l200H) . The fio w equation method of Wil- 
son and Glazek and Wegner ijClazek and Wilsonl . Il993l 
Il994t IWegneii Il994|) is another adaptive technique for 
diagonalizing large systems, and it has been applied to 
the impurity model. Clearly, the renormalization group 
approach in the cluster DMFT context is necessary to 
attack complex problems. Some ideas for combining cel- 
lular DMFT with RG formalism were put forward i n the 
context of model Hamiltonians (|Bolech et all.\200^ . 

Finally, we point out that a much insight is gained 
when numerical methods are combined with analytic 
studies. As in the previous applications of DMFT to 
model Hamiltonians, fast approximate techniques and al- 
gorithms are needed to make progress in the exploration 
of complex problems, but they should be used with care 
and tested with more exact methods. 



A. Perturbation expansion in Coulomb interaction 

The application of perturbation theory in the inter- 
action U has a long history in many-body theory. For 
DMFT applications, we consider here a general multior- 
bital Anderson impurity model (AIM) given by 

H = '^Capd'ldp + ^ ^ Uapjsdid^pdjds (160) 

a/3 af3j5 

+ ^{VLpdick/s + H.c.) + ^ ekccl^Cka, 

kaf3 ka 

where Uap-yS is the most general interaction matrix and a 
combines spin and orbital index (or position of an atom 
in the unit cell or cluster, in cellular DMFT applications). 
The lowest order term is the Hartrce-Fock formulae 

^u"^^ = J2^Uui2 - t/l324)«43. (161) 
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The second order term is given by 



I 

v(2)r ^ ^ rr n [ [ [ ri a " ( ^ ( f "^ /(g)/(gO/(-g") + /(-e)/(-eO/(e") 

Y\^{iuj)^ y t/i456C^7832 / / / dede de pe7[e)P5s{e )P3i[e ) : —r. ; , (162) 

its} ^u;-e + e"-e' 





FIG. 12 Particle-particle (top row) and particle-hole (bot- 
tom row) T-matrices which appear in the FLEX approxima- 
tion. Full lines correspond to electron propagators and wiggiy 
lines stand for the bare interaction U . 




FIG. 13 Definition of the FLEX self-energy constructed with 
the help of particle-particle and particle-hole T-matrices. 
Note that some lower order terms appear many times and 
need to be subtracted to avoid double counting. 

where / is the Fermi function, pi2 is the spectral function 
of the impurity Green's function. 

Higher order terms in perturbation theory that can be 
easily summed up are those in the form of a ladder or, 
equivalently, T~matrix. There are two distinct types o f 
ladder graphs, the particle-particle type l)GalitskiiLll958l) 
shown in the top row of Fig. E| and particle-hole T- 
matrix depicted in the bottom row of Fig. 1121 The one- 
particle self-energy can then be constructed using those 
two building blocks in the way shown in Fig. 1131 Al- 
though we did not plot the generating functional, which 
in the general case is somewhat more involved, it can be 
constructed order by order from the above definition of 
the self-energy. Hence, the approximation is conserving 
if the propagators are fully dressed, and therefore auto- 
matically obeys certain microscopic conservation laws as 
well as the Friedel sum rule. The method was first pro- 
posed by Bickers and Scalapino in the context of lattice 
models ijBickers and Scalapinol Il989() under the name 
fluctuation exchange approximation (FLEX). It is the 
minimal set of graphs describing the interaction of quasi- 
particles with collective modes (pairs, spin and charge 
fluctuations). 

Particle-particle and particle-hole T-matrices corre- 
spond algebraically to 

f^^m = (1 - iixzr'uxzuxzu^ (163) 

fP\^n) = {l-{V + W)x':^)-\V + W) 

- {V + W)x^^V, (164) 
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FIG. 14 Particle hole Tp^ ladder contribution with screened 
effective interaction (7e// mediated by Tpp. 



where V1234 = C/1324, W1234 = -C/1342 and 

Xlli^m - -T^ G23(*c^')Gi4(ir! - iJ), (165) 

iuj' 

xll^Am = ~TY,G2z{iu:')GAi{in + iJ). (166) 

iuj' 

We assumed here a product of the form (AB)i234 = 
X^se ^125655634- With these building blocks one can con- 
struct the self-energy of the form 

iS134 

+ Tf432(ir2)G'43(il^ + iuj)^ . (167) 

The Feynman graphs in perturbation theory can be 
evaluated self-consistently (namely in terms of fully 
dressed Green's function, G, including only skeleton 
graphs) or non-self-consistently (namely using Go). In 
practice the results start being different once U is compa- 
rable to the half bandwidth. The skeleton perturbation 
theory in G sums more graphs than the bare perturbation 
theory, but in many-body theory more does not neces- 
sarily imply better. In the context of the single-band 
AIM model, the perturbative approach in powers of the 
Hartree-Fock Greei i's function Gn was pioneered by Ya- 
mada and Yos hida l)Yamadal . ll975tlYosida and YamadaL 
Il97flll975aibl) . These ideas were crucial for the first im- 
plementation of DMFT (|GeorgesLll99l for the one-band 
Hubbard model, where the expansion in Go proved to be 
qualitatively and quantitatively superior to the expan- 
sion in G. In the multiorbital case, the situation is far 
less clear as discussed recen tly in R,ef.^rchal et oi.l . l2005l 

Bulut and Scalapino llBulut et alV Il993|) . tested 
Kanamori 's (|Kanamoril Il963() observation that the 
particle-hole bubbles should interact not with the bare 
interaction matrix, U in Eq. 11641 but with an effective 
interaction screened by the particle-particle ladder (see 
Fig I14|l . This can be approximated by replacing U by 
Ueff = Tpp{uj = 0) in Eg. 11641 Notice that those dia- 
grams are a subset of the parquet graphs , recently im- 
plemented by Bickers (|Bickers and Whit3 . Il99lh . It is 
also worth noticing that the FLEX approach is exact to 
order U^. 

Within the reahstic DMFT, the FLEX method was im- 
plemented for Iron and Nickel (in its non-self-consistent 
form) by Drchal et al. for chal et al. 1999i) and Katsnel- 
son et al. l)Ghioncel et aZ[i2003cl) (these authors used the 
expansion in Go where an additional shift of the im- 
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purity level is im plemented to satisfy Luttinge r's theo- 
rem following Ref. iKaiueter and Kotliail Il996bl and the 
screened interaction in the particle-hole channel was as- 
sumed) . 




FIG. 15 Comparison of FLEX density of states (using Tpp 
graphs only) with QMC results (full line). Dashed line corre- 
sponds to FLEX approximation with fully dressed propaga- 
tors and dashed-dotted line stands for the same approxima- 
tion with undressed propagators. Calculation was performed 
for a two-band Hubbard model for semicircular densit y of 
states with U = 2D and T = 1/16D jDrchal et a/.L 120051) . 

When the interaction is much less than the half- 
bandwidth the perturbative corrections are small and 
all the approaches (self-consistent, non-self-consistent, 
screened or unscreened) are equivalent to the second or- 
der graph. However, when U becomes comparable to the 
half bandwidth differences appear, and we highlight some 
qualitative in sights gained from a comparison of th e vari- 
ous methods (|Drchal et a?J . l2005tlPutz et aZ.lll996|) . The 
perturbation theory in Go tends to overestimate and 
overemphasize the weight of the satellites. On the other 
hand the skeleton perturbation theory tends to under- 
estimate the effects of the correlations and suppress the 
satellites. This is clearly seen in Fig. 1151 where pertur- 
bative results are compared to QMC data, analytically 
continue d to real axis with the maximu m entropy method 
(MEM) ijJarreU and Gubernatisl Il996t) . 

To gauge the region in which the approach is appli- 
cable, we compare the quasiparticle weight from various 
perturbative approaches to QMC data in Fig. ^| All 
self-consistent approaches miss the existence of the Mott 
transition, while its presence or at least a clear hint of its 
existence appears in the second order non-self-consistcnt 
approach. 

While FLEX performs reasonably well in the case of 
two- and three-band models, it is important to stress 
that this can not persist to very large degeneracy. With 
increasing number of bands, the quasiparticle residue 
must increase due to enhancement of screening effect and 
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FIG. 16 Variation of quasiparticle residue with interac- 
tion strength of the interaction for two-band half-filled Hub- 
bard model with a semicircular density of states of band- 
width D. Schemes presented are: second order perturba- 
tion with fully dressed propagators (dashed curve), second or- 
der with Hartree-Fock dressing of propagators (dot-dashed), 
FLEX with electron-electron T-matrix only but fully self- 
consistent (solid line), FLEX with electron-electron T-matrrx 
only a nd Hartree-Fock d ressing of propagators (line with 
stars) (|Drchal et alltOQ^ . 




FIG. 17 Variation of FLEX spectra with increasing number 
of bands for U — D and T — 0.001 on the Bethe lattice. 
The self-consistency is obtained by fully dressed propa gators 
including all three FLEX channels iPrchal et a/.ll2005^ . 



therefore Z must grow and eventually approach unity. 
This remarkable screening effect is not captured by FLEX 
which displays the opposite trend as shown in Fig. 1171 

It is worth noticing that for Ni the full d-bandwidth is 
approximately 4.5 eV and U is estimated to be around 
3 cV so the approach is near the boundary of its appli- 
cability. 
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B. Perturbation expansion in the hybridization strength 

The perturbation expansion with respect to the hy- 
bridization strength can be derived with the help of re- 
solvent techniques or by decouphng of Hubbard operators 
in terms of slave particles. In the latter case, an auxiliary 
operator a„ is assigned to each state of the local Hilbert 
space, such that a slave particle creates an atomic state 
out of the new vacuum 



\n) = al \vac) 



(168) 



where \vac) is a new vacuum state. The Hubbard opera- 
tors are easily expressed in terms of this auxiliary parti- 
cles, Xn^rn = aJjOm- The Creation operator of an electron 
is expressed by 



(169) 



where = {n\da\m) are matrix elements of a destruc- 
tion operator. In terms of pseudo particles, the general 
Anderson impurity model reads 

-H" = ^ Emnaiajn + ^ efc7cl,^Cfc^ -I- 

mn 

E {VkapiF"^)nrnaiamCkp+H.C.), (170) 
k.rnn.af3 

where cj.^ creates an electron in the bath and 7 stands 
for the spin and band index. 

In order that electrons are faithfully represented by the 
auxiliary particles, i.e. {da, dj^} = Sa/s, the auxiliary par- 
ticle a„ must be boson (fermion), if the state |n) contains 
even (odd) number of electrons, and the constraint: 



(171) 



must be imposed at all times. This condition merely 
expresses the completeness relation for the local states 
I I ~ 1- T^^^ constraint is imposed by adding a 
Lagrange multiplier XQ to the Hamiltonian and the limit 
A ^ (X) is carried out. 

The physical local Green's function (electron Green's 
function in Q = 1 subspace) and other observables 
are calculated w ith the help of the Abrikosov trick 
ijAbrikosovl Il965() which states that the average of any 
local operator that vanishes in the Q = subspace is pro- 
portional to the grand-canonical (all Q values allowed) 
average of the same operator 



lim 



{Q)c 



(172) 



The advantage of pseudo-particle approach is that 
standard diagrammatic perturbation theory techniques 
such as Wicks theorem can be applied. The limit A 00 
is to be taken after the analytic continuation to the real 
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FIG. 18 Diagrammatic representation of the non- 
crossing approximation (NCA) and one-crossing approxima- 
tion (OCA) functional for the Anderson impurity model. 



frequency axes is performed. Taking this limit, actually 
leads to a substantial simplifi cation of the analytic con- 
tinuation llHaule et oi.l . l200lD . 

A different approach, is to "soften" the constraint Q = 
1; and replace it by 



at a„ = qoN. 



(173) 



The original problem corresponds to taking qq = l/N 
but one can obtain a saddle point by keeping qo of 
order of one while allowi ng Q to be large. This ap- 
proach, was studied in Ref. ijParcoUet and GeorgedllQQTt 
IParcoUet efdi Il998tl . While the standard NCA ap- 
proach suffers from exceeding the unitary limit lead- 
ing to causality problems, the soft NCA's do not suffer 
from that problem. Other sub-unitary impurity solvers 
were developed recen t ly based on slave rotor methods 
llFlorens and GeorgesL I200I I2004D and on a dec oupling 
schemes l)Costlll986t Fjeschke and Kotliaill2005|) . 

The perturbation expansion in the hybridization 
strength can be easily carried out in the pseudo-particle 
representation. The desired quantity of the expansion 
is the local Green's function which is proportional bath 
electron T-matrix, therefore we have 



Gi, 



lim — ^ , „, 

A^oo V^{Q)c 



(174) 



where Ec is the bath electron self-energy calculated in 
the grand-canonical ensemble. The latter quantity has a 
simple diagrammatic interpretation. 

The selection of diagrams, is best illustrated using 
the Baym-Kadanoff functional <!>. The building blocks 
of <f> are dressed Green's functions of pseudo-particles 
Gmn (depicted as dashed lines), and bath electrons Gap 
(solid lines). Due to the exact projection, only pseudo- 
particles are fully dressed while bath electron Green's 
functions are non-dressed because the bath self-energy 
vanishes as exp{—(3X) with A — > 00. The bare vertex 
Vkap , when combined with the conduction electron prop- 
agator, can be expressed in terms of the bath spectral 
function Aap{uj) = -^[Aapiuj + iQ-^) - Aq^(w - iO+)]. 
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Because propagators are fully dressed, only skeleton dia- 
grams need to be considered in the expansion. 

The lowest order contribution, depicted in the first line 
of Fig. 1181 is known in literature as non-crossing approx- 
imation (NCA). Pseudo-particle self-energies Smn, de- 



fined through (G 



^ A)(5mn — Emn ~ ^r, 



are obtained by taking the functional derivative of $ 
with respect to the corresponding Green's function, i.e. 

= S^/SGnm- After analytic continuation and exact 
projection, the self-energies obey the following coupled 
equations 



(175) 



The local electron Green's function, obtained by functional derivative of $ with respect to the bath Green's function, 
becomes 



/yyt Vi nrtr, ' ' 



mnm n 



where A^fs is the bath spectral function defined above, 
Q = J d^exp{-f}£,)Y,m PmmiO is the grand canonical 
expectation value of charge Q and pmn = —^[G,nn{'^ + 
iO~^) — Gmn{'-^ — *0+)] is the pseudo-particle density of 
states. Note that equations are invariant with respect 
to shift of frequency in the pseudo particle quantities 
due to local gauge symmetry, therefore A that appears 
in the definition of the pseudo Green's functions can be 
an arbitrary number. In numerical evaluation, one can 
use this to our advantage and choose zero frequency at 
the point where the pseudo particle spectral functions 
diverge. 

The NCA has many virtues, it is very simple, it cap- 
tures the atomic limit, it contains the Kondo energy 
as a non-pcrturbativc scale and describes the incipient 
formation of the Kondo resonance. However, it has 
several pathologies that can be examined analytically 
by considering the pseudo particle threshold exponents 
at zero temperature jMiil lcr-Hartm ann , 1984). Within 
NCA, the infrared exponents are independent of dop- 
ing and follow the exact non-Fer mi liquid exponents in 
the m ultichannel Kondo problem ijCox and RuckensteinL 
I1993D . From the Fricdel sum rule, however, it follows that 
fully screened local moment leads to a doping-dependent 
Fermi liquid expo nents that d i ffer su bstantially from the 
NCA exponents ijCosti et al\ . Il996() . When calculating 
the local spectral function within NCA, this leads to a 
spurious peak at zero frequency with the Abrikosov-Suhl 
resonance exceeding the unitary limit. At the temper- 
ature at which the Kondo resonance exceeds the uni- 
tary limit, the approximation breaks down when com- 
bined with DMFT self-consistency conditions, because 
it causes the spectral function to become negative hence 
violating causality. 

At finite [/, the NCA has a new problem, namely. 
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FIG. 19 Diagrammatic representation of the two-crossing 
approximation (TCA) generating functional. It consists of all 
skeleton diagrams (infinite number) where conduction lines 
cross at most twice. Conserving T-matrix approximation 
(CTMA) is a subset of diagrams where all conduction lines 
cross exactly twice and have either clockwise or counter- 
clockwise direction. Symmetrized U-NCA (SUNCA) is a sub- 
set of TCA where a conduction line exists that crosses only 
once. Conduction lines can have either clockwise or counter- 
clockwise direction. 



it severely underestimates the width of the Kondo res- 
onance and hence the Kondo temperature. This problem 
is partly corrected by the vertex corrections shown in 
the second row of Fig. ^1 which was introduced by Pr- 
uschke and Grewe and is called one-crossing approxima- 
tion (OCA). This diagram is a natural generalization of 
NCA, namely, including all diagrams with a single line 
crossing. It is also the lowest order self-consistent ap- 
proximation exact up to . Although the pseudo par- 
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tide self-energies within NCA are calculated up to V'^, 
the local Green's function is not. Only the conduction 
electron self-energy is exact up to and from Eq. H174|l 
it follows that the physical spectral function is not cal- 
culated to this order within NCA. 

Several attempts were made to circumvent the short- 
comings of NCA by summing up certain types of dia- 
grams with ultimate goal to recover the correct infrared 
exponents and satisfy the unitarity limit given by the 
Friedel sum rule. It can also be analytically shown, that 
an infinite resummation of skeleton diagrams is necessary 
to change the infrared exponents from their NCA values. 
The natural choice is to consider the ladder type of scat- 
terings between the pseudo-particle and the bath elec- 
trons which leads to crossings of conduction lines in the 
Luttinger-Ward functional. In the infinite U limit, only 
diagrams where all conduction electrons cross at least 
twice, are possible. Note that due to the projection, any 
contribution to the Luttinger-Ward functional consists 
of a single ring of pseudo-particles since at any moment 
in time there must be exactly one pseudo-particle in the 
system. The diagrams where all c onduction electrons 
cross exactly twice is called CTMA ijKroha et all Il997|) 
and has not yet been implemented in the context of the 
DMFT. A typical contribution to the CTMA Luttinger 
Ward functional is shown in the second line of Fig. [T^ 
In the impurity context, this approximation recovers cor- 
rect Fermi liquid infrared exponents in the whole doping 
range and it is believed to restore Fermi liquid behavior 
at low temperature and low frequency. 

At finite [/, however, skeleton diagrams with less cross- 
ings exist. Namely, a ladder ring where conduction lines 
cross exactly twice can be closed such that two con- 
duction lines cross only ones. This approximation, de- 
picted in the first row of Fig.^J is called SUNCA. It has 
been shown in the context of single impurity calculation 
llHaule et all l200lj) , that this approximation further im- 
proves the Kondo scale bringing it to the Bethe ansatz 
value and also restores Fermi liquid exponents in the 
strict Kondo regime. Unfortunately, this is not enough 
to restore Friedel sum rule in the local spectral function 
at low temperatures and to apply the approach to this 
regime, it has to be combined with other approaches such 
as renormalized perturbation theory or ideas in the spirit 
of the interpolativc methods discussed in llll.FI 

The results of the computationally less expensive 
SUNCA calculation agree very well with the consider- 
ably more time consuming QMC calculation. The agree- 
ment is especially accurate around the most interesting 
region of the Mott transition while the half-integer filling 
shows some discrepancy due to the restriction to a small 
number of valences in the SUNCA calculation. 

We illustrate the agreement between these methods by 
means of the real axis data of QMC-hMEM and SUNCA 
where the latter results are obtained on the real axis. 
As shown in Fig. [201 both calculations produce almost 
identical quasiparticle peak, while some discrepancy can 
be observed in the shape of Hubbard bands. We believe 
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FIG. 20 Comparison between SUNCA (full line) and QMC 
(dashed line) density of states for the three-band Hubbard 
model on the Bethe lattice for = 0.8 at ?7 = 5D and 
T = D/16. 



that this is mostly due to analytic continuation of QMC 
data which do not contain much high-frequency informa- 
tion. Notice that the width of the upper Hubbard band 
is correctly obtained within SUNCA while QMC results 
show redistribution of the weight in much broader re- 
gion. Namely, in the large U limit, i.e. when a band 
is separated from the quasiparticle peak, its width has 
to approach the width of the non-interacting density of 
states, in this case 2D. 
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FIG. 21 Imaginary axis QMC data (dots) and SUNCA re- 
sults (full-lines) are compared for three-band Hubbard model 
on Bethe lattice for /3 = 16 and U = 5D. Left panel shows 
results for doping levels Ud = 0.8 right panel corresponds to 
doping Ud — 0.9. 

Finally, we compare the imaginary axis data in Fig. 1211 
for two doping levels of = 0.8 and Ud = 0.9. Notice 
that the results are practically identical with discrepancy 
smaller that the error of the QMC data. 

The NCA was used in the DMFT conte xt to study 
Ceriu m l)Z61fl et all l200l|) . Lai _^Sr^TiO.^ llZolfl all 
|2000|) and Ca2_^Sr^Ru04 l|Anisimov etdl l2002(l . ~ 
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the case of Cerium, it does capture the most essential 
differences of the alpha and gamma phases, and com- 
pares very favorably to the quantum Monte Carlo results 
ijHeld et all . l2001bj) and t o experiments. Using NCA in 
the context of the SrRuOq. |Anisimoy et a/J . l2002l was the 
first to predict the so-called orbitally selective Mott tran- 
sition, the phase where one-band is in a Mott insulting 
state while the rest are metallic. These results arc dis- 
cussed further within (see section IIV.A|) . The SUNC A 
approach was first tested in the LaSr TiO^ where it is in 
a good agreement with QMC results ijOudoyenko et all 
l2004cl) . 



C. Approaching the atomic limit: decoupling scheme, 
Hubbard I and lowest order perturbation theory 

The AIM Hamiltonian can also be expressed in 
terms of Hubbard operators Xnm by replacing aJ^Om in 

Eq. l(T7n|) with Xrinr-. 

H = ^ EraXmm + ^ £k^c\^Ck~f + 

E {VLpiF'^^UnX^mCkp + H.c.) . (177) 

k,mn,af3 

For convenience, we choose here the local base to be the 
atomic eigenbase, i.e., the atomic Hamiltonian is diago- 
nal. 

The atomic Green's function can be most simply de- 
duced from the Lehmann representation of the Green's 
function 



^ X ^ nra 

'7. 2-^ 



■ En 



where _F's are given by F"^ = {n\da\m) as in sec- 
tion and Z = X^n is the partition function. 
The atomic Green's function has a discrete number of 
poles, at energies corresponding to the atomic excita- 
tions, weighted with the appropriate factors e~^^"/Z 
that can be interpreted as probabilities to find an atom 
in the atomic configuration \n). 

One can compute corrections to the Green's function 
Eq. H178|) by expanding arou nd the a t omic limit, using 
the technique of cumulants ijMetznerl . Il99l|) . However 
there are many rcsummations of these expansions, and 
no extensive test of this problem has been carried out. 
Various methods start from the equations of motion for 



the Green's functions of the Hubbard operators, for the 
Green's functions of the conduction electrons, and for the 
mixed Green's functions of the conduction electrons and 
the Hubbard operators. 

Once the Green's functions for the Hubbard operators 



^711712^3714 ('^) (-^r A^7li 772 (^)^7l3 7l4 (0)) 1 {^^^^ 

are determined, the local Green's function Gap can be 
deduced by the following linear combination of Q^s: 

Gaf3{ii^) = E -^"7" 772^«l«27737l4(«^)(-P''^^)r73774- 

711772773714 

(180) 

In the decouphng method of L. Roth l)R,othl . lT96fll) . one 

replaces commutator [Hhyb,X] by a linear combination 
of the operators c and X, namely 



[El^hybi Xji^jl^^ ^ ^ ^771772773714^^77 



(181) 



Efjka I \ ^ r^ka t 

^711772 '-fc" / J ^771772 ^fea' 



and the coefficients A B and C are determined by pro- 
jecting onto the basis set of X and c, by means of a scalar 
product defined by the anticommutator. This leads to a 
set of closed equations for the coefficients A B and C. 
The Green's function for the Hubbard operators can then 
be deduced from the following matrix equation 



g-i ^ g(at) _ A - y. 



(182) 



where the effective hybridization function A and atomic 
Green's function for the Hubbard operators ^f"*) are 

A„j„2„3„^ = ^^(i<" ^)T7i772 ^Q/3^,f3„4, (1^3) 
^^,71772,73774 M- + _ J ' (l84) 

and p is the "density matrix" . The equations close 
once the density matrix p is computed from an equa- 
tion such as p„i„2 = Qmyi'n'nA^i^) or 

P771772 = |Z]i(^e*'^° ^?77'77i77277'(«w) Or auy combiuation. 
The result is not unique. 

Finally, the matrix which is proportional to the 
coefficient A introduced in Eq. (|182|l . becomes 



^^1772773774 / w \ / ^ ( ^7n 772 777773 ^77 1 774 •^77 1 77777 4 777*^77 2 773 )5 (-i^^) 

yPnini + P772 712 j 1^713773 > P77 4 774 j 
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with 



I 



iuj)A (iuj) 



(186) 



The equation for the Green's function p82|) is non- est order. By expanding the S matrix 
hnear beeause of the coefficients X and Y, and has to 
be solved iteratively. Neglecting Y results in the famous 
Hubbard I approximation 



A. 



(187) 



Perhaps, the best approximate method for the system 



expl-V"/ [ dTidT2 da{Ti)Aap{Ti,T2)df}{T2)\ , 
\ a/3 J 

(188) 



in the Mott-insulating state is the straightforward per- to the lowest order, one immediately obtains the foUow- 
turbation expansion in hybridization strength to the low- ing correction to the Green's function 

I 



G^p{^u;) - Gif{^u;) = Gi°^)(zc.) ^ ^ g(;*)(zc.')A,,(zu.') 

7,(5 iuj' 

rP rf3 rf3 

/ dT dn dT2e'-^^y2{Trda{T)dl{0)d\{Ti)ds{T2))oA^siTl~T2). 

Jo Jo Jo .X 



(189) 



7,(5 



r 



It is straightforward to evaluate the two-particle 
Green's function for the atom in Eq. (|189|l . One can in- 
sert the identity |m) {ml between any pair of creation and 
destruction operators and then integrate over time the re- 
sulting exponential factors. The resulting six terms, due 
to six different time orderings of the product, can also 
be drawn by Feynman diagrams and evaluated by the 
straightforward non-self-consistent expansion along the 
lines of section IIII.BI To make the method exact also 
in the band U = limit, we calculate the lowest order 
correction to the self-energy rather than to the Green's 
function. The correction is 



A. 



(190) 



This self-energy is exact up to second order in hybridiza- 
tion V and also in the non-interacting U = Q case. It 
also gives correct width of the Hubbard bands which is 
underestimated by a factor of 2 by the Hubbard I approx- 
imation in the large U limit. This method has recently 
been tested for the Hubbard model where it performed 
very satisfactorily whenever t he system has a finite gap 
in the one electron spectrum <)Dai et o,l\ . l200fj) . 

Many other approaches were recently used 
to develop impur ity solvers. The lo cal mo- 
ment method llLoean a.nd Vidhvadhiraial l2005t 
IVidhvadhiraia and LoeaJ l2004 l2005j) has been 
successfully applied to the periodic Anderson model. It 
would be interesting to extend it to a full multiorbital 
case. Also decoupling technique, or mode coupling 



technique, the factorization technique, the alloy analogy, 
the modified alloy analogy, and the methods of moments 
were used. These approaches can be applied directly 
to the lattice and simplified using the DMFT locality 
ansatz, or applied directly to the AIM. For a rec ent 
review with a DMFT perspective see ljShvaikall2000|) . 



D. Quantum Monte Carlo: Hirsch-Fye method 

The general idea underlying the Hirsch-Fye deter- 
minantal QMC method is to discretize the path inte- 
grals representing the partition function and the Green's 
function of an interacting problem. These discretized 
path integrals are then converted, using a Hubbard- 
Stratonovich transformation, into a statistical average 
over a set of non-interacting Green's functions in a time- 
dependent field, which can be either continuous or dis- 
crete. The sum over the auxiliary fields is done using 
Monte Carlo sampling methods. The QMC algorithm for 
the soluti on of the A nderson im purity model wa s intro- 
duced in l|Fve and Hirsch. 1989: iHirsch and Fvel.lT986\. 
and g enera lized to the multiorbital case i n ijTakeeaharal 
Il993() and ijBonca and Gubernatisl . n"993j) . Appfications 
to the sol ution of t he lat tice models via DMFT was intro- 
duced in iTarrellL Il992tl. see al s o llCeorges and KrauthL 
1992 : IJarrell and Akhlaghpouil Il993t iRozenberg et d. . 
1992|) in the single-orbital case. In the multiorbital 



conte xt it was implemen t ed in ijRozenbergL Il997|) . see 
also (iHeld and Vollhardd. I1998D . Some DMFT appli- 
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cations, such as the study of the electron-phonon in- 
teractions within single-site DMFT, require a QMC 
imple mentation using continuous Hubbard-Stratonovich 
fields l)Jarrell and Akhlaghpouil Il993() . This is also 
essential for the implementation of Extended Dynam- 
ical Mean-Field Theory (E D MFT) (see f o r exa mple 
l)Motome and Kothail |2000|) . ()Pankov all l2002() and 
for the combina t ion o f EDMFT and GW method 
llSun and Kotliari \2(M ). An alternative algorithm 
for EDMFT using discr e te sp ins was introduced in 
ijGrempel and Rozenber4 Il998j) . Zero temperature 
QMC algorithms, which are closely related to determi- 
nantal algorithms, have been extensively developed for 
lattice models. DMFT applications ha ve been recently 
introduced in l|Feldbacher eii all l2004tl . There are al- 
ternative methods of evaluating the partition function 
and the correlation fu nctions, which are ame nable to 
Monte Carlo methods ijRombouts et all I1999D . These 
are free of discretization errors and have b e en introduced 
in llRubtsovl. l2003t iRubtsov et'dl 120041: ISavkin et ail 
l2005j) in the DMFT context. 



QMC has been used extensively in DMFT calculations. 
Due to space limitations, only a few illustrative exam- 
ples shall be described. The QMC method has been 
applied to t he study of Cerium by McMahan a n d col- 
laborators (iHeld et all l2001bt iMcMahan efdi l200riD 
and to Iron and Nickel by Lichtenste i n and collaborators 
(iKatsnelson and LichtensteinL I2OOOI : iLichtenstein et aZI . 
|2001|) . DMFT with QMC as an impurity solver, 
has been applied to many other d-electron sys- 
tems. These include pe rovskites with a co nfigura- 
tion such as L aTiQc. jNekrasov efaR l2000t) SrV03 
and CaV03 ijPavarini et all 120041: J Sek^^m^^i^U, 
20041) ■ ruthenates such as Ru Sr04 (|Liebschl l2003a 
Liebsch and Lichtensteinl l2000tJl and v anadates such as 
V2O.S i|Held et all l2001a(l and VO2 l|Biermann et all 
l2005hH . 

Since a detailed review ijGeorges et all Il996j) for the 
single-orbital case is already available, we focus here 
on the generalization of the QMC method for multior- 
bital or cluster problems (for the impurity solver, "clus- 
ter DMFT" is a particular case of multiorbital DMFT 
where the cluster index plays the role of an orbital). The 
emphasis of this section is on generality; for a more ped- 
agogical introduction to the method in a simple case, sec 
(|Georges et flLU l996tl. This section is organized as fol- 
lows. First in IIII.D.ll we present the general impurity 
problem to be solved by QMC. In IIII.D.2I we present 
the Hirsch-Fye algorithm, where we discuss the time 
discretization, derive the discrete Dyson equation, and 
present the algorithm. In IIII.D.2.el we present in more 
detail the case of density- density interactions, which has 
been the most widely used. Details of the derivations are 
provided in Appendix \K\ for completeness. 



1. A generic quantum impurity problem 

a. DeRnitions We will focus on the solution of a generic 
quantum impurity problem like (|85|l defined by the fol- 
lowing action 

5eff = - / r drdr' J2 r')d^Ar') 

•'0 l<f,,i^<Af 

l<<T<A/"„ 

+ / drHintir) (191a) 
Jo 

where tJoo>i> Weiss function, 1 < cr < Ma are in- 

dices in which the Green's functions arc diagonal (con- 
served quantum numbers), 1 < /i, < A/" are indices in 
which the Green's functions arc not diagonal, and re- 
peated indices are summed over. The value of M and A/'o- 
depends on the problem (sec lIII.D.l.c|) . Hint is the inter- 
action part of the action. It should be noted that we have 
defined a completely general H^nt^ which is necessary to 
capture multiplets which occur in real materials. The 
purpose of the impurity solver is to compute the Green's 
function 

Ga^,{T) = {Td^„{T)dlM)s^,, (192) 

and higher order correlation functions. In this section, we 
will use a different convention for the sign of the Green 's 
functi on than in the rest of this review: in accordance 
with ijCeorges et all \l99(i} and the QMC literature, we 
define the Green's functions without the minus sign. 



b. Generalized Hubbard-Stratonovich decoupling Hirsch- 
Fye QMC can only solve impurity problems where the 
interaction have a decoupling formula of the following 
form 

i?mt = + • • • + Hn (193a) 
g-A.H. ^ ^ m.(5,)exp(^4,y-(5,)d..) 

(193b) 

where Si is a index (referred to in the following as 
a "QMC-spin") in a set Si (discrete or continuous), 
Wi{Si) > is a positive weight, V = V\ and Hi = 
H^. Approximate decouplings, where (|193|l holds only 
up to 0(Ar'"),m > 3 , are discussed below (see also 
ijGunnarsson and KochL Il997j) ). Equation H193a|l is a 
generalized form of the familiar Hubbard-Stratonovich 
transformation. Multiple Hubbard-Stratonovich fields 
per time slice allow the decoupling of more general in- 
teractions, as exemplified below. 
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c. Examples Let us consider first a multiorbital or clus- 
ter DMFT solution of the Hubbard model in the nor- 
mal phase (non-superconducting). In this case, A/" is the 
number of impurity sites or orbitals, and Af^ = 2: cr is 
the spin index which is conserved. The interaction term 
Hint is given by 



Hi, 



E 

(m,o-)<(i/,ct') 



T(T(T 



(194) 



where we use the lexicographic order: (/i, a) < {v, a') 
if fi < ly OT fi = v and cr < cr'. In this case, 
the decoupling formula uses the discrete Hubbard- 
Stratonovich transformation using Isi ng spins introduced 
by Hirsch Eirsch. IQSj fsee also ijTakeeaharal Il993|) 
and ijBonca and Gubernatislll993(l ') 



exp 



(Al,(T)<(lv,cr')\ / 

(195) 

At 
2 



\ll ^ arccosh ( exp ( — ) ) (196) 



The weight w(S') — ^ is independent of the auxiliary 
Ising fields S'^" defined for each U term. The matrix V 
of Eq. H193|) is diagonal and reads 



At 



2 



(^,cr)<(p,CT') 



(A' 



(fI,a)>(p,<T') 



a a na a 



(197) 



A general goal of the Hirsch-Fye algorithm is to minimize 
the number of decoupling fields, to reduce the size of the 
configuration space where the Monte Carlo is done (see 
below). In this respect, decoupling each U term in the 
interaction with a different field is not optimal, especially 
when there is a symmetry between orbitals. However, 
there is currently no efficient solution to this problem. 

A second example is the study of a superconduct- 
ing phase. We restrict our discussion to the Hubbard 
model for simplicity, but the generalization to more re- 
alistic models is straightforward. For t he study of su- 
perco nductivity in a two-band model see ijGeorges et alV 
Il993() . For the QMC cal culation of g-wave supercon- 
ductivity in a cluster see ijLichtenstein and Katsnelsonl 
l200(THMaier et oi.Ll2000Hl . We restrict ourselves to a case 
where a possible antiferromagnetic order and the super- 
conducting order are coUincar. In this case, we introduce 
the Nambu spinor notation at each site i: ip'^ = ((i|,o?j^) 
so that the Green's function is 



G(r)^(r.^(r)^t(o))= (GtW m 



F*{t) Gi(/3-r)^ 



(198) 



where F is the anomalous Green's function F{t) = 
(Trdi{T)di{0)). We denote by -I- and — the Nambu in- 
dices, and = and = l^ni. In this case, we take 
Afa- = 1 (spin is not conserved) and M = 2A/'normai case , 
twice the number of sites. The index /i is a double index 
(i,±), where i is a site index. For simplicity, we take a 
local U interaction, which is then decoupled as (for each 
cluster site) 



exp —ATUui^n 



E ■ 

S,=±A 



,S,(n,+ +«i_)- 



with A = arccosh(exp(Art//2) (we drop a constant since 
it cancels in the algorithm). 

A third example is a further generalization of the 
Hirsch-Fye formula to decouple the square of some op- 
erator. For example, if M has a spectrum contained in 
{0, ±1, ±2}, one can use 



cr=0,±S 



S = cosh" 



ws = w^s 



2 

e" - 1 



o3a _i_ g2a _j_ gO 



luo = 1 - 2it;s 



(199a) 

(199b) 

(199c) 
(199d) 



This can be used to decouple a nearest neighbor density- 
density interaction in a Hubbard model (as an alterna- 
tive to the more commonly used method that splits this 
interaction into four terms using n = ni + ni and the 
Hirsch-Fye formula) . 

In the case of a quantum impurity problem formu- 
lated in a general non-orthogonal basis, we can orthog- 
onalize within the impurity degree of freedom (how- 
ever, there may still be an overlap between different unit 
cells), in order to reduce the problem to the case where 
the c basis is orthogonal. The V matrix transforms as 
V' ~ {P^)~^VP~^ , where P is the matrix that trans- 
form into the orthogonal basis. Note however that in 
general a diagonal V will transform into a non-diagonal 
V' , which will make the QMC more costly. 



2. Hirsch-Fye algorithm 

a. Time discretization We start by writing a Hamiltonian 
form H ~ Hq + Hint of the action using an effective 
generalized Anderson model with ris bath sites 

Us 



(200) 
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T^Zn is defined as follows 

Hq — 0,l^a^pfj.,p'L'^p''^cr (201) 

where Hq = X^ct -^o ' (^pfj,cy is the annihilation opera- 
tor of the electron on the bath site for p > and for p = 



we identify d = ap=o which corresponds to the impurity 
site. In the Hirsch-Fye algorithm, the imaginary time is 
discretized with L discrete times ti = {I — 1)(3/L, with 
1 < I < L. Using the Trotter formula, we approximate 
the partition function hy Z m Z^'^ with 



Z^^ ^TrJ] exp"^-^« H'^^P"^"''' 

(=1 \ i=l 

CL n \ L 

nn-(^.'))nTrn 
^..^^ i=ii=i 



<y 1=1 



,-At 



(202) 
(203) 



where Sl are L copies of the decoupling QMC-spins. The 
Green's function defined in p92|) at time t; 

G'^;M.(rz,,r,J = |Tr(C/^-'id^,C/'i-'^dLC/'^) (204a) 
U = e-^^" (204b) 



Eq. (|206|l shows that we gain one order in At with 
symmetrization, ii) various hermitian Hi can be decou- 
pled separately to the same order, and in) we only need 
a decouphng formula that is correct up to order (Ar^) 
included. 



for 1 < /i, < A/" and h > h, is replaced by its discretized 
version 



G 



L-h + l -h-h + ~/2-l 

u d,,u dLu 



u = 



n E MS^)e^p(dlV^US^)dx^ 
0<i<nS,eS, ^ ^ 



(205a) 



(205b) 



0<i<n 



Since the Trotter formula is an approximation con- 
trolled by At, one may use approximate decoupling for- 
mulas, up to order 0(At™) (m > 3), that would not in- 
troduce a priori a bigger error than the Trotter formula 
itself. For density-density interactions exact formula are 
available (as described above) but for a more general 
interactions this may not be the case. A priori, U = 
U + OiAr^) thus G^^ = G + 0{At) {since Lx 0{At^) = 
0(At)). However, given that H is hermitian, we see that 
G is hermitian G^.^^ylji^.Ti^) = {G„.^^,{ti^,ti^))* . Using 

U ^U(l- (AT)V2^^<^.[iJ„i?,] + 0(At3)), the fact 

that the commutator is anti-hermitian when all the Hi 
are hermitian, and = U, we get Z^^ = Z + 0{At^) 
and the stronger result 



b. The Dyson equation Let us introduce a matrix of size 
defined by 



V'^poK^(^) 



(207) 



and the notation {S} = {S\, I < i < n;l < I < L} ior 
a configuration of the QMC-spin, we have immediately 
from pl^ 



{S} = / 

1 / 



(208) 



Tr n r'^P -^'^4't^a^m.,p'uap'. 



nexp(at^,r'^(5^) 

\pfl,p' 1^ 



(209) 



Introducing, Afus x Afug matrices Bi{S) defined by 



Ga;i_iv{Tl^ , Ti^ ) 



+ 0(At2) 
(206) 



Bi (S) = exp ( -AtK." ) n '^''P ( ('^) 



(210) 
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we can rewrite the partition function as (see Ap- 
pendix : 



where 



Z[{S}] = l[det 0^{{S}) 

a 

I 



(211a) 



1 








(211b) 



Note that Oa has size LMus. Moreover, the Green's 
function for a fixed QMC-spins configuration, defined as 
in Eq. H205a(l can be shown to be (see El 



(212) 



The formula for the partition function can be generaUzed 
to the average of any operator M 



Ejs} W{5} {U^,lMSl)) n.deta({g}) 



(M) 



(213) 

where (M)|gj is the average of the operator at fixed 
configuration {S}. In particular, the Green's func- 
tion is given by averaging g^gy Moreover, for a fixed 
QMC-spins configuration, the action is Gaussian, al- 
lowing to compute any correlation functions with Wick 
theorem. As noted i n (Hirsch and Fvc, 198^ (see also 
ijGeorges et aZ.l . ll996j) . one can derive a simple Dyson re- 
lation between the Green's functions of two configura- 
tions gs and gs' 



5{5'}-5{s} + (5{5}-l)x 



J|,-v-(m)-Q^v-(|5'})_i^ (214) 



with the notation 



(215) 



(see Appendix^. Since V acts non-trivially only on the 
p = subspace, we can project (|214ll on it and get rid 
of the auxiliary variables. We obtain finally the Dyson 
equation for the Green's function G (defined as in H2(J5|I 
and considered here as a matrix of size LA/") 



G{^'> = G<^> + (G{^>-1); 



n 



-V-({S}) 



n 



-1)gS^'> (216) 



VX.v{{S}) = 5irVi,':^{S\) (217) 



We used the fact that G and V are diagonal in the a 
index. Eq. (|216|l is a equation for matrices of size ML. 

We note that H216|) also holds for a special case 
^({5*}) = 0, with G^'^^ ~ Qq. This gives a simple way to 
compute G{5} from Qq, which requires the inversion of a 
LAf X LTV matrix ■ 



n 



(218a) 
(218b) 



Eq. H218|l is often referred to as the "full update for- 
mula" . 

Moreover, there is an important simplified relation be- 
tween two close configurations {S} and {£"} which differ 
only for one QMC-spin S\, which allows a faster update 
of the Green's function in the algorithm 

Gf^ = A-^Gi^y (219) 
A^^l+{1- G{^>) (n e-^^"({^» ne^^"»^'» - l) 

j=n j=i 

can be reduced to 

--nSti-ndetA.^ndetA^ 



^^^l + (l-G^^>)Q1 



(220a) 
(220b) 

(220c) 



(220d) 

Eq. (I2 20II is often r eferred to as the "fast update for- 
mula" iHirscll Il983j) . It is a formula for matrices of size 
J\f (compared to LJ\f for the full update). It does not 
involve a big matrix inversion, therefore it allows a faster 
calculation of G than (|218|) . For density-density inter- 
actions, the fast update formula can be further simpli- 
fied (with no matrix inversion, see below). These equa- 
tions are the generali zations of Eqs. (130)^ and (131) of 



tions are the generali : 
l)Georges et al\ . \l99^ 



c. The Hirsch-Fye algorithm In principle, the 
sum H213|l could be done by exact enumeration 



1 Eq. (130) in iGeorges et"an I1996D has a misprint and should be 
read as Gj^,^ = G;,,, + (G - l)i^i(e^'-v - 1)„ (A„)-iGa, . 
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l)Georges and Krauthl IT993(l . ()Georges et all Il996(l but 

in practice one can reach much lower temperatures by 
using statistical Monte Carlo sampling. It consists of 
the generation of a sample of QMC-spins configuration 
{S} with probability Om ^»(^^) det If 
the determinant is not positive, one needs to take 
the absolute value of the determinant to define the 
probabilities and sample the sign. After computing 
Gs from Go with the "full update" formula H218|l . a 
Markov chain is constructed by making local moves, 
one time slice at a time, selecting a new value for one 
QMC-spin and using the "fast update" formula H22U|) 
to compute the Green's function for the new QMC-spin 
configuration. It may also be convenient to perform 
global moves that involve the simultaneous flipping of 
many spins in one move (e.g. simultaneous flipping 
of all the spins in all the time slices). This can be 
accomplished directly using H218|) or by generating the 
global move as a sequence of local moves with (|22U|I (one 
has then to keep and restore the Green's function to 
the original configuration in the case that the proposed 
global move is rejected). An interesting generalization 
of this glob al move was proposed by Gr empel and 
Rozenberg ([Grempel and Rozenber4 Il998(l . in which 
one updates different Fourier components of the fields. 
As noted above, the computation allows, in practice, the 
computation of any higher order correlation function 
since the theory is Gaussian for a fixed QMC-spin 
configuration. 

It should be noted that for some cases of cluster or mul- 
tiorbital problems, this QMC algorithm suffers severely 
from the sign problem at low te mperature, particular ly in 
the case of frustrated systems (|Parcollet et a?J . l2004|) . In 
the single-site DMFT case, this problem is absent: this 
had been know n empirical l y for a while and rigorously 
proved recently ijYoo et all 120041). 



d. Remarks on the time discretization There is three diffi- 
culties coming from the discretization of the time in the 
Hirsch-Fye algorithm: 

i) One has to take a large enough number of time slices 
L, or in practice to check that the results are unchanged 
when L is increased, which is costly since the computa- 
tion time increase approximately like L^. 

a) Since the number of time slices is limited, espe- 
cially for multi-orbital or cluster calculation, the eval- 
uation of the Fourier transform of the Green's function 
(Matsubara frequencies) is delicate. In practice, the time 
Green's function is constructed from the discrete func- 
tion resulting from the QMC calculation using splines, 
whos e Fourier transform can be computed analytically 
(see (|Georges et all \l99dt) ). It turns out however that 
for this technique to be precise, one needs to supple- 
ment the discrete Green's function by the value of its 
derivatives at r = 0, /?, which can be reduced to a linear 



combination of two-particle co rrelation functions com- 
puted by the QMC calculation ijOudovenko and Kotliaii 
|2002|) . Failure to deal with this problem accurately can 
lead in some calculations to huge errors, which can man- 
ifest themselves by spurious causality violations. 

in) When a computation is made far from the particle- 
hole symmetric case, the Weiss function Qq can be very 
steep close to t = or t = (3. As a result, it is 
not well sampled by the regular mesh time discretiza- 
tion, leading to potentially large numerical error. A sim- 
ple practical solution is to replace Qa by QQ^{iuJn) = 
G{^^{ii^n) ~ ct where a is a diagonal matrix chosen as 
= limi^^oo(C/^^)^^(w). From Eqs. H191a|) . we see 
that the new impurity problem which is equivalent if 
the a term (which is quadratic in d and diagonal in the 
indices) is simultaneously added to the interaction (or 
equivalently to the right hand side of the corresponding 
decoupling formula). In the new impurity problem how- 
ever Qo is less steep than Qq close to t = or r = /3, so 
the numerical error introduced by discretization is less 
important. 



e. Density-density interactions The "fast update" for- 
mula can be further simplified when the matrix V is 
diagonal, particularly in the case of density-density in- 
teractions, which is used in most of the calculations with 
the Hirsch-Fye algorithm. To be specific, we concentrate 
in this paragraph on the first example given above (the 
normal state of a Hubbard model) . The matrix V of Eq. 
(|193|l is diagonal and given by H197|) . The "fast update" 
formula (j^^ for the flip of the Ising spin S'j^f' at the 
time slice t; simplifies. The non-zero elements of the 
matrix C are given by 

C^,^^=cxp{2Xl^s'^')-l (221a) 
CiT;'pp - cxp(-2A|r 4^''') - 1 (221b) 
Let us first consider the case a = a' . p reduces to 

P = - G^fJ_^).(;_p)Gi^(j -^.(( -^Q.^^C'h.pp (222) 



l-Gl 



{S} 



:(lp);(/,p)Fn;,p ;P = M,i> (223) 



Defining AI by 



Mil = &QT;pp/P 

we have the "fast update" formula 



(224a) 
(224b) 
(224c) 
(224d) 
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This equation can also be obtained by using the fast up- 
date (Sherman-Morrison) formula twice. 

The case where a a' is more straightforward 



^ = h + n - Gi^^^j^y^^^jA Gii.j^-^ 



i'^[l + {l-Gt_ 



.{S} 



G?, 



(225a) 
(225b) 

(225c) 



r<{s'] _ MS} 

(226) 



f. Analytic continuation The quantum Monte Carlo sim- 
ulation yields the Green's function in imaginary time 
G{t). For the study of the spectral properties, transport 
or optics, Green's function on real axis are needed and 
therefore the analytic continuation is necessary. This in 
practice amounts to solving the following integral equa- 
tion 



G(r) 



dw/(-tj)e-™A(w) 



(227) 



where A{ijj) is the unknown spectral function, and f{Lij) 
is the Fermi function. This is a numerically ill-posed 
problem because G{t) is insensitive to the spectral den- 
sity at large frequencies. In other words, the inverse of 
the kernel i^(r, w) = J {—uj)e~'^'^ is singular and some 
sort of regularization is necessary to invert the kernel. 
Most oft en, this is done by the maximu m entropy method 
(MEM) ijJarrell and Gubernatisl Il996() . 

A new functional which is to be minimized, is 

constructed as follows 



Q[A]=aS[A]--xM] 



(228) 



where 



'■[A] = Y^iG, G{n))[G-%,{G, G(j,)) (229) 



measures the distance between the QMC data, averaged 
over many QMC runs (G^) and the Green's function 
G(tj;) that corresponds to the given spectral function 
A{ijj) according to equation Eq. (|227|l . Gij is the co- 
variant matrix that needs to be extracted from the QMC 
data when measurements are not stochastically indepen- 
dent. The entropy term, S[A\^ takes the form 

S[A] = j {A{lo) - m{Lo) - A{uj) In [A{lo) / m{Lo)]) , 

(230) 

where m{uj) is the so-called default model, usually cho- 
sen to be a constant, or, alternatively, taken to be the 
solution of the same model but calculated by one of the 
available approximations. 

For each value of the parameter a, numeric minimiza- 
tion of Q gives as the corresponding spectral function 
A°'{uj). If a is a large number, the solution will not move 
far from the default model, while small a leads to unphys- 
ical oscillations caused by over-fitting the noisy QMC 
data. In the so-called historic MEM, the parameter a is 
chosen such that = N , where N is the total number of 
real frequency points at which Aiuj) is being determined. 
In many cases, this gives already a reasonable spectral 
functions, however, in general the historic method tends 
to undcrfit the data and makes the resulting A{ijj) too 
smooth. 

In the classical MEM, the parameter a is determined 
from the following algebraic equation 



(231) 



where S{a) is the value of the entropy in the solution 
which minimizes Q and A(a) is 



A(a), 



/If [A'^G-^K], 



(232) 



ij=i 



Here Kij is the discretized kernel Kij = K{Ti,iUj) and 
Ai is the discretized spectral function Ai = A{uji)du;i 
and Gij is the above defined covariant matrix. 

In applications of DMFT to real materials, the quasi- 
particlc peak can have a complex structure since at low 
temperature it tries to reproduce the LDA bands around 
the Fermi-level, i.e., the spectral function approaches the 
LDA density of states contracted for the quasiparticle 
renormalization amplitude Z, A{u!) = ^(cj/Z -|- (Iq). The 
MEM method has a tendency to smear out this complex 
structure because of the entropy term. At low tempera- 
ture, this can lead to the causality violation of the impu- 
rity self-energy. To avoid this pathology, it is sometimes 
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useful to directly decompose the singular kernel with the 
Singular Value Decomposition (SVD). When construct- 
ing the real frequency data, one needs to take into ac- 
count only those singular values, which are larger than 
precision of the QMC data. 

The discretizcd imaginary time Green's function G{Ti) 
can be SVD decomposed in the following way 

G{t,) = ^^3^^ = y^rnSmUmjA, (233) 

j jm 

where UW = 1 and F V = 1 are orthogonal matrices 
and S is diagonal matrix of singular values. The inversion 
is then 

U^j^^^rnG^ (234) 

m< A/,? 

where the sum runs only up to M determined by the 
precision of the QMC data, for example Sm > (YiM^Gi), 
where 5Gi is the error estimate for Gi. The magnitude 
of the singular values drop very rapidly and only of order 
10 can be kept. 

The SVD docs not guarantee the spectra to be pos- 
itive at higher frequencies nor does it give a renormal- 
ized spectral function. This however does not prevent 
us from accurately determining those physical quantities 
which depend on the low frequency part of spectra as for 
example transport or low frequency photoemission. 

E. Mean-field slave boson approach 

In this section we describe a different slave boson rep- 
resentation, which allows a construction of a mean-field 
theory closely related to the Gutzwiller approximation. 
In this method we assign a slave boson ipm to each atomic 
state \m) and slave fcrmion /„ to each bath channel such 
that the creation operator of an electron is given by 

4=4/1, (235) 

with 

4 = E V'i(i^"^)n™^™ = i^^F^^^. (236) 

m.n 

The matrix elements F"^ are closely related to those in 
Eq. (|169|l with an important difference: here one repre- 
sents electron operator by a product of pseudo-fermion 



and two pseudo-bosons. The fermionic prcsign is com- 
pletely taken care of by the pseudo fermion, and there- 
fore the matrix elements that appear in the definition of 
pseudo-bosons should be free of the fermionic presign. 
In other words, when calculating matrix F in the direct 
base, where matrix elements are either 0, +1 or —1, one 
should take absolute values. In the direct base, the defi- 
nition of F"" is then 

F„"„ = |(n|d„|m)|. ^ (237) 

The enlarged Hilbert space contains unphysical states 
that must be eliminated by imposing the set of con- 
straints 

Q = = 1 (238) 
= T^t^^t^o^. (239) 

The first constraint merely expresses the completeness 
relation of local states, while the second imposes equiv- 
alence between the charge of electrons on the local level 
and charge of pscudo-fcrmions. 

Introduction of these type of Bosc fields allows one to 
linearize interaction term of type Uapnanp. For more 
general type of interaction, one needs to introduce addi- 
tional bosonic degrees of freedom that are tensors in the 
local Hilbert space instead of vectors. Additional con- 
straints then can diagonalize a more general interaction 
term. 

Following Ref. (jKotliar and RAickensteirj . Il98fi() addi- 
tional normalization operators Lq, and Ra are intro- 
duced whose eigenvalues would be unity if the constraints 
Eq. (|238() are satisfied exactly but at the same time guar- 
antee the conservation of probability in the the mean- 
field type theory 

i?a = (1 - i^^F"'F°'^)-^l^, (240) 
La = {l- t/j^F^^F"^)-^^^. (241) 

With this modification, the creation operator of an elec- 
tron is still expressed by c?^ = ^^/j, with projectors equal 
to 

zi = i?„ tP^F^^i; L„. (242) 

The action of the AIM may now be written in terms 
of pseudo particles as 



OT 



Y.[ drf dr' ziir)flir)A^p{r-r')Mr')zf,ir')-^A 
„ Jo Jo 



g 
+ / dTi'\—+iK + E)4, 



(243) 
(244) 
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where zA and iXa are introduced for the constraints 
Eq. and 1(223), respectively. 

After integrating out pseudo fermions, the following 



J 



saddle-point equations can be derived by minimizing free 
energy with respect to classical fields ■0 



iuj a,f3 



+LMGaa.p4^Po.F'' + A^pZpGgp^F'^^)] i/; + (zA + S - ^ = 0. (245) 

I 



where [Gg ^)ap = ((iw + /i - iXa)Sai3 - zl^Aapzp). The 
local electron Green's function is finally given by 



Gap — ZaGg^pZp. 



(246) 



Equations (|245|l with constrains (|238|l and H239() consti- 
tute a complete set of non-linear equations that can be 
solved by iterations. 
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FIG. 22 The quasiparticle residue Z from the Gutzwiller 
method (open squares) is compared to the QMC Z (full cir- 
cles) extracted from imaginary axis data. Calculations were 
performed for the two-band Hubbard model on Bethe lattice 
with f/ = 4D for QMC and U = 5.8D for the Gutzwiller. 
The later value was chosen to keep ratio U/Umit the same 
in both methods. MIT denotes metal-insulator transition. 

In Fig. 1221 we show a comparison between QMC 
and Gutzwiller quasiparticle renormalization amplitude 
Z for the two-band Hubbard model on Bethc lattice. 
We notice that the Gutzwiller method captures all the 
basic low-frequency features of the model and compares 
very favorably with the QMG results. Remarkably, the 
chemical potential also shows a very good agreement be- 
tween QMC and the Gutzwiller method as can be seen 
in Fig. 123 

Th e slave boson technique constructed in 
Ref. l|Kotliar and Ruckensteinl Il986fl is closely related 
and inspired by the famous Gutzwiller approximation, 




FIG. 23 Doping versus chemical potential extracted from 
QMC (circles) and from the Gutzwiller method (squares) for 
two-band Hubbard model on Bethe lattice with U = 4_D. 



which appears as the saddle point of the functional 
integral in terms of the auxiliary boson fields de- 
scribing the local collective excitations of the system. 
However there is a conceptual difference: rather than 
attempting to estimate the total energy, the slave 
boson approach constructs an approximation for the 
Green's function at low energy Eq. H24t)|) . Fluctua- 
tions around the saddle point, then allow to recover 
the Hubbard b a nds a s demons t rated in ref e rences 
(iGastellani et al\ Il992t iLavaenal Il990t iReadl Il985t 
iRead and Newm , Il983() . The Gutzwiller approximation 



to the Gutzwiller wave function becomes exa ct in 
infinite dimensions l|Metzner and Vollhardil I1988D and 
has b een recently evaluated i n the g e neral multiorbital 
case (|Biinemann and Webeil Il997t iBtinemann et alV 
Il998|) . In the limit of density-density interactions, the 
form of the renormalization function z is identical to 
the one obtained from the slave boson method. The 
Gutzwiller approach is an approach that gives the total 
energy, and also the Green's function if one makes the 
slave boson identification connecting the Gutzwiller 
renormalization factor to the Green's function. It 
has been applied to Iron and Nickel by Biinneman 
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and Weber ijBiinemann et all l2003t lOhm et all l2002(l . 

Additionally, the slave boson method gives the exact 
solution for the M ott transition in a sy stem with large 
orbital degeneracy ^Florens et aZ.l.l2002() . 



F. Interpolative schemes 

This section covers a different type of approximation 
to the fimctional 'S{Eijnp, A)- These are not controlled 
approximations, in the sense that they are not based on 
a small parameter, but instead are attempts to provide 
approximations which arc valid simultaneously for weak 
and strong coupling, high and low frequency, by com- 
bining different techniques as well as additional exact 
information. By combining various bits of information 
and various approaches one can obtain the self-energy 
which is more accurate over a broader range of param- 
eters. Their accuracy has to be tested against more ex- 
pensive and exact methods of solution. 



1. Rational interpolation for the self-energy 

The iterative perturbation theory (IPT) method was 
very successful in unraveling the physics of the Mott tran- 
sition in the one-band Hubbard model. Its success is due 
to the fact that it captures not only the band limit but 
also the atomic limit of the problem at half filling. As 
we will show in section llII.F.2l the extensions of the IPT 
method are possible, but less reliable in the multiorbital 
case. There have been some attempts to "define" inter- 
polative methods that are robust enough and give rea- 
sonable results in the whole space of parameters of an 
multiorbital impurity model. 

In this sectionj_ we will review the ideas from 



(|Savrasov et all l2004() where a simple rational form for 
the self-energy was proposed and unknown coefficient 
from that rational expression were determined using the 
slave boson mean-field (SBMF) method. This scheme 
tries to improve upon SBMF, which gives the low- 
frequency information of the problem, by adding Hub- 
bard bands to the solution. For simplicity, only SU{N) 
symmetry will be considered. 

It is clear that Hubbard bands are damped atomic ex- 
citations and to the lowest order approximation, appear 
at the position of the poles of the atomic Green's func- 
tion. Therefore, a good starting point to formulate the 
functional form for the self-energy might be the atomic 
self-energy 



where 



JV-l 



n=0 



C-n ^{Pn + Pn+l) 
iuj + ^1- En+1 + En 



(247) 



(248) 



and En = e/n + ^Un{n — 1), Pn is the probability to 
find an atom in a configuration with n electrons, and 
Cn~^ = n\(N^n-i)\ ^-riscs duc to tlic equivalence of all 
states with n electrons in SU{N). 

The atomic self-energy can also be brought into the 
form 



N 

i=l 

N-1 ■ 

n - Pi) 

i=l 



(249) 



where Zi are zeros and Pi are the iV — 1 poles, which can 
be calculated from equations 1247(1 and ((248(1 . Using the 
same functional form ((249(1 for the self-energy at finite A 
and calculating probabilities Xn self-consistently results 
in the famous Hubbard I approximation. 

To add the quasiparticle peak in the metallic state of 
the system, one needs to add one zero and one pole to 
Eq. II249() . To see this, let us consider the SU(N) case 
for the Hubbard model where the local Green's func- 
tion can be written by the following Hilbert transform 
G/oc(w) = H{uj — Ef — "Eluj)). If self-energy lifetime 
effects are ignored, the local spectral function becomes 
Aloe = D(lu — Ef — S(a;)) where D is the non-interacting 
density of states. The peaks in spectral function thus 
appear at zeros Zi of Eq. ((249(1 and to add a quasipar- 
ticle peak, one needs to add one zero Zi. To make the 
self-energy finite in infinity, one also needs to add one 
pole Pi to Eq. ((249(1 . This pole can control the width 
of the quasiparticle peak. By adding one zero and one 
pole to the expression ((249(1 . the infinite frequency value 
of the self-energy is altered and needs to be fixed to its 
Hartree-Fock value. The pole which is closest to zero is 
the obvious candidate to be changed in order to preserve 
the right infinite value of the self-energy. The functional 
form for the self-energy in the metallic state of the sys- 
tem can take the following form 



N 



N~2 



{i^ ~ X2){iuj ~ X:i) n {^^-P^) 

i=l 

(250) 

To compute the 2A'' + 1 unknown coefficients in 
Eq. I|250[l. the fol lowing algorithm was used in 
(ISavrasov et nllM)^ 

a) All N zeros Zi are computed from the atomic form 
of the self-energy Eq. 1(247(1 and probabilities Xn 
are calculated by the SBMF method. 

b) Poles of the atomic self-energy are also computed 
from Eq. I^TtI) with X„ obtained by SBMF. All 
but one are used in constructing self-energy in 
Eg. 1(250(1 . The one closest to Fermi level needs to 
be changed. 
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FIG. 24 The density of states calculated by the rational in- 
terpolative method plotted as a function of the chemical po- 
tential jl = — £/ — (A*' — l)U/2 and frequency for the two-band 
Hubbard model with SC/(4) symmetry and at U = 4D. 



FIG. 25 The density of states calculated by the QMC method 
plotted as a function of the chemical potential fl = —ef — {N — 
l)U/2 and frequency for the two-band Hubbard model within 
Sf/(4) and at U ^ AD. 



c) The self-energy at the Fermi level S(0) is given by 
the Friedel sum-rule 



2 TT 

-|-ioo 



ImA(iO^ 



dz 



(251) 



This relation is used to determine one of three un- 
known coefficients Xi. 

d) The slope of the self-energy at zero frequency is 
used to determine one more unknown coefficient. 
The quasiparticle weight z is calculated by the 
SBMF method and the following relationship is 
used 



dm: 

dui 



1 



(252) 



e) Finally, the infinite frequency Hartree-Fock value 
of S is used to determine the last coefficient in 

Eq. i2snii 

The 2iV-f 1 coefficients can be computed very efficiently 
by solving a set of linear equations. The method is thus 
very robust and gives a unique solution in the whole space 
of parameters. It's precision can be improved by adding 
lifetime effects, replacing uj by second order self-energy 
in the way it is done in scction llII.F.2l 



A typical accuracy of the method is illustrated in 
Fig. 1^ by plotting the density of states as a function 
of the effective chemical potential /i = — ey — {N — l)U/2 
and frequency in the regime of strong correlations. The 
corresponding QMC results are shown in l25l for compari- 
son. Several weak satellites can also be seen on this figure 
(many atomic excitations are possible) which decay fast 
at high frequency. 

The semicircular quasiparticle band, which is strongly 
renormalized by interactions, is seen at the central part 
of the figure. For the doping levels p, between and -1 
and between -3 and -5, the weight of the quasiparticle 
band collapses while lower and upper Hubbard bands ac- 
quire all the spectral weight. In the remaining region 
of parameters, both strongly renormalized quasiparticle 
bands and Hubbard satellites remain. When the bands 
arc fully filled or emptied, the quasiparticle band restores 
its original bandwidth and the Hubbard bands disappear. 
From Fig. 1241 and 1251 it is clear that the rational interpo- 
lation for the self-energy in combination with the SBMF 
offers a satisfactory qualitative and quantitative solution 
of the multiorbital AIM which is useful for many appli- 
cations of the LDA-t-DMFT to realistic systems. 



2. Iterative perturbation theory 

In this subsection we describe a different iterative per- 
turbation theory which uses the second order self-energy 
Eq. Hlt)2|) as a main building block and also achieves cor- 
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rect limits in the large frequency, zero frequency, band 
and atomic coupling limit. The idea originates from the 
fact that the second order perturbation theory works sur- 
prisingly well in the case of half-filled one-band Hubbard 
model and captures all the essential physics of the model. 
The success of this approach can be understood by notic- 
ing that from Eq. H162|) gives the correct atomic limit 
although it is expected to work only in the weak coupling 
limit. The naive extension away from half-filling or for 
the multiband model treatment, however, fails because 
the latter property holds only in the special case of the 
half-filled one-band model. To circumvent this difhculty, 
a scheme can be formulated such that the atomic limit 
is also captured by the construction. In the following 
discussion, only SU{N) symmetry will be considered. 

To combine various bits of information in a consistent 
scheme, an analytic expression for the self-energy in the 
form of continuous fraction expansion 

I]oM = I]a(oo) + : ^ ^" ^ , (253) 



iuJ — Da 



was set up in Ref. ijOudovenko et al\ . l2004a|) . All the 

necessary coefficients, (oo), Aq,, iJa, C'a, Da can be 
determined by imposing the correct limiting behavior at 
high and low frequencies. The basic assumption of this 
method is that only a few poles in the continuous fraction 
expansion H253() are necessary to reproduce the overall 
frequency dependence of the self-energy. 

Let us continue by examining the atomic limit of the 
second order self-energy Eq. (|162|l when evaluated in 
terms of the bare propagator Gp{iuj) = l/{iuj + Jlo — Afj) 



.(2) 



la 



ILU + ^0 ' 



(254) 



where 7q = J2[3i^ai3yn°pi^ — n°p) and is a fictitious 
particle number 



°I3^- /(w)ImG^(tj - m+)duj, 



(255) 



associated with bare propagator. The choice of /tp will 
be discussed later. 

The continuous fraction expansion in Eq. H253|l can be 
made exact in the restricted atomic limit, i.e., when the 
three significant poles are considered in the Green's func- 
tion, and coefficients are calculated from the moments of 
the self-energy. By replacing iuj with ^a/^a — /^o in 
expansion Eq. H253|) . it is clear from Eq. (|254|l that the 
resulting self-energy functional has the correct atomic 
limit and reads 



Ea(iw) = I]q(cX))- 



7q 



(2) _ (C„/7g)(sL^')" 



l-(A<o + D„)S>r77» 



(256) 

Coefficients A, B, C and D can be determined from the 
moment expansion 

= (257) 



B^ 



Zjq. 



V(3)v(l) 



(2)n2 



(s^-^0 



(258) 



(259) 



where the self-energy moments can be expressed in 
term s of the density-density correlation functions (see 
Ref. (|Oudovenko et alVhQM^ ). 

Finally, the parameter ptQ can be determined by impos- 
ing the Friedel sum rule, which is a relation between the 
total density and the real part of the self-energy at zero 
frequency, thereby achieving the correct zero frequency 
limit. Since the Friedel sum rule is valid only at zero tem- 
perature, the parameter /Iq is determined at T = 0, and 
after having it fixed, equation (|256|l is used at arbitrary 
temperatures. 

An alternative scheme for determining the 
temperature- dependent ^tn was proposed by Pot- 
thoff et al. l)Potthoff et all Il997t) . and consists of the 
requirement that the fictitious occupancy computed 
from equals the t r ue oc cupancy computed from G 
ijMartfn-Rodero et al\ . Il982|) . A careful comparison 
of these approaches was carried out by Potthoff et al. 
ijMever et al 1 119991 iPotthoff et fflTl.ll997^ . 

Note that one could continue the expansion in contin- 
uous fraction to the order in which the expansion gives 
not only restricted but the true atomic limit. However, in 
practice this is seldom necessary because only few poles 
close to the Fermi energy have a large weight. 

It is essential that the self-energy Eq. (|256|l remains 
exact to U'^ , which can be easily verified by noting that 
in the J7 — *■ the fictitious occupancy approaches n 
therefore Aa = 7a(l + 0{U)), B -Jip and C ^ 0. At 
the same time, the self-energy Eq. (|256|) has correct first 
moment because expanding E*^^' in the high-frequency 

(2) 

limit yields E^ = ^al{i^) + •■• and Aa is exact first 
moment. 

Note that in the case of one-band model, the atomic 
limit requires only one pole in self-energy therefore the 
coefficient C in Eq. H25()|) can be set to zero and one has 



T,a{ii^) ~ Eq(cX)) -f 



V(2) 



^ _ M0+-B0 v;(2) ' 



(260) 



Furthermore, double and triple occupancies do not enter 
the expression for the moments in the case of one-band 
model. If one chooses the functional form for the mo- 
ments in the atomic limit, the interpolativc self-energy 
has stiU the same limiting behavior as discussed 
above. In this case, no additional external information is 
necessary and the system of equations (I26U|I , (|257|) , H258|) 
and H162() is closed. 

For the multiband model, an approximate method is 
needed to calculate moments which in turn ensure a lim- 
iting form consistent with the simplified atomic limit. 
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FIG. 26 Comparison between QMC and the simplified IPT 
Eq. H26()|l renormalization amplitude Z for the three-band 
Hubbard model on Bethe lattice at [/ = 3-D and 5-D. QMC 
Z was extracted at temperature T = 1/16 and IPT at zero 
temperature. 



Many approaches discussed in previous sections can be 
used for that purpose, for example the Gutzwiller method 
or SUNCA. In Ref. (,Kaiueter-1996b'l the coherent poten- 
tial approximation (CPA) was used to obtain moments in 
the functional form consistent with the atomic limit, i.e., 
neglecting last ter m in Eg. 12 5811. Another possibility, 
also tested by Ref. (|Kaiueterlll996b|) . is to use the ansatz 
Eq. (|260|l in the case of multiband model. In Fig. 1261 the 
quasiparticle renormalization amplitude Z versus parti- 
cle number n is displayed for n less than one where this 
scheme compares favorably with the QMC method. CPA 
was used to obtain moments. 

When the particle number slightly exceeds unity, the 
simplified IPT scheme Eq. 12()U|) does not provide an ac- 
curate description of the multiorbital AIM. As shown in 
Fig. |57| the Hubbard bands are completely misplaced. 
Nevertheless, the quasiparticle peak is in good agree- 
ment with QMC result. By taking into account more 
terms in the continuous fraction expansion Eq. (|256|l . 
the high-frequency part of spectra can be considerably 
improved since the resulting approximation obeys more 
high-frequency moments. Unfortunately, the quasiparti- 
cle peak develops a spurious double peak structure which 
severely limits the applicability of the method, as shown 
in the inset of Fig. 1271 Systematically improving only 
the high-frequency part of the spectra, by incorporating 
more moments into the approximation, can thus spoil 
the low- frequency part. This type of unphysical feature 
can be avoided using the scheme from subsection IIII . F . 1 1 
where the derivative as well as the value of the spectra at 
zero frequency was imposed by the information obtained 
by a more accurate technique at low frequency, such as 
the Gutzwiller method. 

The most general extension of IP T, and its simpli- 
fied form Eg. (I260II was set up in Ref. llKaiueteR Il996bj) 
and in Ref. ijMartm-Rodero et alV Il982(l . The authors 




FIG. 27 Density of states for the two-band Hubbard model 
on Bethe lattice aX U = 2.5D and = 1.1. The tick full 
line marks QMC curve at temperature T — 1/16D while 
the rest of the curves correspond to various IPT schemes at 
T = 0. The thin full line shows the IPT from Eq. l|256t with 
all four coefficients determined by high-frequency moments 
in the functional form of atomic limit. The inset zooms the 
region around the chemical potential where the above men- 
tioned IPT scheme develops a spurious double peak structure. 
The dot-dashed line corresponds to simplified IPT Eq. 126011 
with both two coefficients determined by moments. Finally, 
the dashed curve stands for the IPT schemes described in 
section ETTrT] 

in Ref. l)Ferrer et all Il987l: lYevati et all Il999() tested it 
in the context of guantum dots, where it p erforms sat- 
isfactorily. However, Ref. llKaiueteii Il996b() tested it in 
the DMFT context, and the difhculties with the spuri- 
ous double peak structure shown in Fig. 1271 were found 
close to integer filling in the case of occupancies larger 
than one. When the occupancies are less than one, 
the simpler formula Eq. H2fciU|) is accurate and free from 
pathologies. It was used to com pute the physical prop- 
erties of Lai -.TSr.rTiO .cj in Refs. ijAnisimov et all Il997at 
iKaiueter et all Il997^) . Various materials with strongly 
correlated d-bands were studied by the group of Craco, 
Laad and Miiller-Hartmann using the IPT method for 
arbitrary filling of the correlated bands. Th e prop - 
erties of Cr09 (ICra co et all l2003bHLaad et all \200ll 
UY2O4 (iLaad et g/i .20033.) . V^O-^ llLaad et g^J . l2003hj) 
and Gai-xMuxAs (|Craco et were explained 

by the IPT method. 



IV. APPLICATION TO MATERIALS 

In this section we illustrate the realistic dynamical 
mean-field methodology with examples taken from vari- 
ous materials. We chose situations where correlations ef- 
fects are primarily responsible for the behavior of a given 
physical system. The examples include: (i) phase transi- 
tions between a metal and insulator where, in the absence 
of any long-range magnetic order, opening an energy 
gap in spectrum cannot be understood within simple- 



54 



band theory arguments; (ii) large, isostructural volume 
collapse transitions where a localization-delocalization 
driven change in lattice parameters of the system is nec- 
essary to understand the transition; (iii) the behavior 
of systems with local moments which are not straightfor- 
ward to study within band theory methods. We conclude 
this section with a brief, non-comprehensive summary of 
a few other illustrations of the power of the dynamical 
mean-field method that, for lack of space, cannot be cov- 
ered in this review. 



A. Metal-insulator transitions 

1. Pressure driven metal-insulator transitions 

The pressure driven metal-insulator transition (MIT) 
is one of the simplest and at the same time most ba- 
sic problems in the electronic structure of correlated 
electrons. It is realized in many materials such as 
V2O3, where the metal-insulator transition is induced 
as function of chemical pressure via Cr doping, quasi- 
two-dimensional organic materials of t he k family such 
as (BEDT-TSF)2X (X is an anion) (|lto et alV Il996t 
iLefebvre et all l200nl) , a nd Nickel Sel e nide S ulfide mix- 
tures (for a review see ()lmada et al . 1 19981) as well as 
articl es of Rosenbaum and Yao in 1 Edwards and Raol 
[l993)). The phase dia gram of these materials is described 



in Fig. I2H1 It is remarkable that the high-temperature 
part of the phase diagram of these materials, featuring a 
first order line of metal-insulator transitions ending in a 
critical point, is qualitatively similar in spite of the sig- 
nificant differences in the crystal and elec t ronic s tructure 
of the s e mat erials (|Chitra and Kotliail Il999l: iKotliail 
Il999bl 12001(1 . This is illustrated in Fig. Ei where the 
schematic phase diagram of the integer filled Hubbard 
model is included. 

V2O3 has a Corundum structure in which the V ions 
are arranged in pairs along the c hexagonal axis, and 
form a honeycomb lattice in the basal ab plane. Each 
V ion has a icP configuration. The rf-elcctrons occupy 
two of the t2g orbitals which split into a non-degenerate 
aig and a doubly de generate orbital. The eZ states 
lie higher in energy l|Castena,ni Til. II 978alH) . NiSeS 
mixtures are charge transfer i nsulators, in the Za anen- 
Sawatzky-AUen classification l|Zaanen et a/J . [T985r) . with 
a pyrite structure. In this compound the orbital degen- 
eracy is lifted, the configuration of the rf-electron in Ni is 
spin one, d^, and the effective frustration arises from the 
ring exchange in this lat tice structure. The k -(BEDT- 
TSF)2X (X is an anion et al ]. ll996HLefebvre et all 
l200nfl are formed by stacks of dimers and the system is 
described at low energies by a one-band Hubbard model 
with a very anisotropic next nearest neighb or hopping 
(|Kino and Fukuvamal.ll996HMcKe'^I^Il998(l . 
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FIG. 28 The phase diagr ams of V2O3, NiS2-a;Sea; and organic materials of the k family (from iMcWhan et ali Il97ll) (left), 
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The universality of the Mott phenomena at high 
temperatures allowed its description using fairly sim- 
ple Hamiltonians. One of the great successes of DMFT 
applied to simple model Hamiltonians was the realiza- 
tion that simple electronic models are capable of pro- 
ducing such phase diagram and many of the observed 



physical properties of the materials in question. The 
qualitative features related to the Mott transition at fi- 
nite temperature carry over to more general models hav- 
ing other orbital and band degeneracy as well as cou- 
pling to the lattice. The dependence of this phase di- 
agram on orbital degeneracy has been investigated re- 
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centlv llFlorens et all 20021: iKaiueter and Kotliail IToOtI 
lOno et oil 120011 1200,-^) . 
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FIG. 30 Near-Fermi-level ARPES spectra in NiSeS taken 
nearly along the (001) direction for (a) a; = (insulat- 
ing), (b) X — 0.4 (insulating), (c) x — 0.45 (metallic), 
(d) X — 0.5 (metallic), an d (e) x — 2.0 (metallic) (from 
Ref. jMatsuura et alL\l99^ ). 



FIG. 29 Schematic phase diagram of a material undergoing a 
Mott metal-insulator transition. 



The determination of the extension of the qualitative 
phase diagram away from half filli ng; includes regions o f 
phase separation near half filling (|Kotliar et a/l l2002^ . 
Determination of the low-temperature phases, which are 
completely different in the materials in Fig.|5Sl requires a 
more careful and detailed modeling of the material, and 
the study of the dependence of the magnetic properties 
on the properties of the lattice is only in the beginn ing 
stages (jChitra and Kotliail 119991 IZitzler et aZ.U2004ll. 

Dynamical mean-field theory ^Georges et all Il996(l . 
provided a fairly detailed picture of the evolution of 
the electronic structure with temperature and interac- 
tion strength or pressure. Surprising predictions emerged 
from these studies: a) the observation that for a cor- 
related metal, in the presence of magnetic frustra- 
tion, the electronic structure (i.e. the spectral func- 
tion) contai ns both quasiparticle features, and Hub- 
bard bands ijGeorges and Kothail Il992l) . b) The idea 
that the Mott transition is driven by the transfer of 
spectral weight from the c oherent to the incoherent 
features l)Zhang et all Il993j) . This scenario, brought 
together the Brinkman-Rice-Gutzwiller ideas and the 
Hubbard ideas about the Mott transition in a unified 
framework, c) The existence of broad regions of pa- 
rameters where the incoherent part of the spectra dom- 
inates the transport. The impurity model subject to 
the DMFT self-consistency condition is a minimal model 
to approach the understanding of the incoherent or bad 
metal, the Fermi liquid state, the Mott insulating state, 
and a "semiconducting" or "bad insulator" state where 
thermally induced states populate the Mott Hubbard 
gap. d) An understanding of the critical behavior near 
the Mott transition as an Ising transition (jKotliar et all 



|2000() . This critical b ehavior had been surm ised long ago 
by Castellani et al. ijCastellani et all Il979() . 

In the last few years experimental developments have 
confirmed many of the qualitative predictio ns of the 
DMFT approach. For recent revie ws see (|Georgej. 
l2004albl : lKothar and VollhardtLl2004^ . 

a) Photoemission spectroscopy has provided firm evi- 
dence for a three peak structure of the spectral function 
in the strongly correlated metallic regime of various ma- 
terials and its evolution near the Mott transition. This 
was first obse rved in the pioneering e xperiments of A. Fu- 
jimori et al. ijFuiimori et all\l992\i} . The observation of 
a quasiparticle peak near the Mott transition too k some 
additional work. In Ref. ijMatsuura et all Il998|) , angle 
resolved photoemission spectra in NiSeS reveal the pres- 
ence of a quasiparticle band and a Hubbard band (see 
Figs. I30I31|I . These results, together with a DMFT 
calculation by Watanabe and Doniach, in the framework 
of a two-band model are shown in Fig. |23 

Cubic SrVOa and orthorhombic CaVOa perovskites 
are str ongly correlated metal s. LDA-I-DMFT calcula- 
tions (jSekivama et all l2004|l find their spectral func- 
tions to be very similar in agreement with recent bulk- 
sensi ti ve ph otoemission experiments ijSekivama et all 
120021 '2004). The comparison of the high-energy 
LDA-I-DMFT photoemission results against the experi- 
ments is presented in Fig. LDA qualitatively fails as 
it cannot produce the Hubbard band while LDA-I-DMFT 
successfully captures this and compares well with exper- 
iment. 

Using high-energy photoemission spectroscopy. Mo et 
al. (^Mo et al, 20Q^ studied the V2O3 system. The 
spectral function, which exhibits a quasiparticle peak and 
a Hubbard band, is displayed in Fig. |21 together with 
an LDA-I-DMFT calculation. The calculation was per- 
formed using the LDA density of states of the Vanadium 
t2g electrons and a Hubbard J7 of 5 cV. 
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FIG. 31 Temperature-dependence obtained in NiSeS of the 
near- ef peak for x = 0.45 at 22.4 eV incident photon energy. 
Inset: Distance of the 50% point of the leading edge from 
Ef (solid circles); reactivity (open circles, right-hand scale); 
area under the near-EF peak (solid diamond s, scaled in arbi- 
trary units) . Analyzer angle: 0/9 (from Ref. l)Matsuura et al\ 



b) Optical spectroscopy has confirmed the idea of tem- 
perature driven transfer of spectral weight in the vicin- 
ity of the Mott transition. The first indicati ons had 
been obtained in the V2O3 system (jRozcnbc rg et al\ . 

where it was found that as temperature is low- 
ered, optical spectral weight is transferred from high en- 
ergies to low energ ies. Similar observat i ons w ere car- 
ried out in NiSeS ('Mivasaka and Takaai 1200^ . and in 
the kappa organics (Eldridec et aL. . ,1991ll . confirming the 
high-temperature universal behavior of materials near a 
Mott transition. 

c) The Ising critical behavior predi cted by DMFT 
is now observed in Cr doped V2O3 ()Limelette et al\ . 

The large critical region and the experimen- 
tal observation of the spinodal lines (Figs. 1^ and IS7|l. 
was a scribed to the importance of electron-phonon cou- 
pling iKotliailEffll . The situation in organic materials 
at th is point is not clear ijKagawa et al\ . l2003t lKanod4 

I2004D . 

e) Transpor t studies in VpO-^ (iKuwamoto et fflZlll980() 
and in NiScS ijimada et a/J . Il998|) have mapped out the 
various crossover regimes of the DMFT phase diagram 
(see Fig. I29|l . featuring a bad metal, a bad insulator, a 




-2-10 1 



1.5 r \ \ I I I I I \ I I I I I I I I n 




-2-10 1 




-2 -1 1 



FIG. 32 Single-particle Green's functions at half-filling for a 
fixed charge-transfer gap and varying temperature. Horizon- 
tal axis is scaled in units of 2t. Vertic al axis has arbitrary 
units (from Ref. jMatsuura et aZ.lll99^ 'l. 



Fermi liquid and a Mott insulator. Mo re recent studies 
in the two-dimensional kappa organics (jLimelette et al\ . 
l2003b() are consistent with the DMFT picture, and can 
be fit quantitatively within single-site DMFT (see Fig. 

EHli- 

The dynamical mean field studies have settled a long 
standing question. Is the Mott transition in V2O3, NiSSe 
and kappa organics driven by an electronic structure 
mechanism or by the lattice (i.e. the position of the ions 
) degrees of freedom. 

This question can only be answered theoretically since 
lattice deformations are almost always generically in- 
duced by changes in the electronic structure (see below) 
and vice-versa. In a theoretical study one can freeze the 
lattice while studying a purely electronic model, and it 
is now accepted that the simple Hubbard model can ac- 
count for the topology of th e high temperature phase dia- 
gram l)Georges et a?J . [T996|) . Hence, lattice deformations 
are not needed to account for this effect even though they 
necessarily occur in nature. A cluster study of the frus- 
trated, two-dimensi onal Hubbard model using CDMFT 
(ic. 2x2 plaquette) ijParcollet et aZ.l.l2004(l demonstrated 
that the single site DMFT statement of the existence 
of a finite temperature Mott transition survives cluster 
corrections, even though qualitative modifications of the 
single site DMFT results appear at lower temperatures 
or very close to the transition. Finally new numerical 
approaches to treat systems directly on the lattice have 
further corroborated the qualitative validity of the single 
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FIG. 35 Comparison of the LDA and LDA+DMFT(QMC) 
spectra at T = 0.1 eV (Gaussia n broadened with 0. 2 eV) with 
the x-ray absorption data of llMiiller et all Il997f) in V2O3. 
The LDA and QMC curves are normalized differently since 
the Eg states, which are shifted towards higher energies if the 
Coulomb intera ction is included, ar e neglected in our calcula- 
tion (from Ref. (iHeld et ffl;.ll2001aD ). 



FIG. 33 A comparison of LDA (panel a), LDA+DMFT 
(panel d) , and the photoemiss ion data for SrVO^ and CaVOs 
(after JSekivama et all\200i) ). 
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Experiment, hv=700eV, T=175K 




FIG. 34 Comparison of hu = 700 eV PES spectrum with 
LDA+DMFT(Q MC) spect rum for T = 300 K and U = 5.0 eV 
in ^203. (after iUo et allEoO^ ) 
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site DMFT results (jOnoda and Imadai I200I . 

The fact that the coupling of the lattice is important 
near the electronically driven Mott transition was first 
pointed out in the dynamical mean fi eld context in ref 
(|Maiumdar and Krishnamurthvl Il994(l . The electronic 
degrees of freedom are divided into those described by 
the low energy model Hamiltonian (see section lT.B.5|l and 
the rest, and the total free energy of the system is given 
by the sum of these two contributions Pother and Fmodei ■ 
These free energies depend on the volume of the mate- 
rial. Formally the energy of the model Hamiltonian is 
a function of the model Hamiltonian parameters such as 
the bandwidth t and Coulomb interaction [/, but these 



FIG. 36 Temperature dependence of the conductivity (a), 
the order parameter (b) and derivative of the conductivity 
(anal ogous to a susceptibilit y) (c) in Cr doped V2O3 (from 
Ref. ijLimelette et aZ.Ll2003ah ). 



parameters themselves depend on volume. 

We have seen that in the absence of elastic interac- 
tions the Hubbard model has two solutions, a metallic 
and an insulating one, in a range of values of U jt. Hence 
Fmodei(^{yy) can have two branches which cross as de- 
picted in Fig. El The free energy curve obtained by 
picking at each volume the lowest of the free energies has 
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T(K) 

FIG. 37 Temperature-dependence of the resistivity in Cr 
doped V2O3 at different pressures. The data (circles) are 
compared to a DMFT-NRG calculation (diamonds), with a 
pressure dependence of the bandwidth as indicated. The mea- 
sured residual resi stivity pp has been adde d to the theoretical 
curves (from Ref. jLimelette et am2003bll 'l. 
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a cusp singularity (an infinitely negative second deriva- 
tive at the critical volunie)indicating the formation of a 
double well structure. 

The addition of Father, which by construction is 
smooth, cannot qualitatively modify this behavior. Fur- 
thermore, the double well structure, which must exist 
below the Mott transition temperature, also must per- 
sist slightly above the Mott transition point (given the 
infinite second derivative at the critical volume below the 
transition point of the model Hamiltonian). The position 
where the double well develops signals the position of the 
true (i.e. renormalized by the lattice ) metal to insulator 
transition. The exact free energy is a concave function of 
the volume and this concavity which is missed in mean 
field theory, is restored through a Maxwell construction. 

This qualitative discussion sketches how the spectral 
density functional theory formalism is used to predict the 
volume of materials starting from first principles. The 
self-consistent application of LDA+DMFT determines 
the energy of model Hamiltonian and the one electron 
Hamiltonian of both the low energy and the high energy 
degrees of freedom in a self-consistent fashion. Results 
for Ce and Pu are shown in Figs. 021 ^'iid El respectively. 
In materials where the model exhibits a transition, the 
LDA-I-DMFT studies produce a double well as will be 
discussed for Cc and Pu in sections IIV.B.II and IIV.B.2I 
respectively. 

It has been recently emphasized l|Amadon et a/J . l2005j) 
that in Cerium the double well is of purely entropic na- 
ture, while the calculations for Pu only include the en- 
ergy, but the qualitative argument for the existence of a 
double well applies to the free energy of both materials. 
An analysis of the influence of the coupling to the lattice 
on the compressibility a nd the electron-phon on coupling 
has been carried out in ijHassan et all l2004(l . 



2. Doping driven metal-insulator transition 



FIG. 38 Press ure-Temperature phase diagram of the k-CI 
sah (from Ref. (iLimelette et aLll2003bl) '). 
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V orU/t 

FIG. 39 Schematic volume dependence of free energy for a 
model within DMFT. 



Doping driven metal-insulator transitions in the three- 
imensional perovskites Lai-rSr^TiO^-A has been ex- 



tensively explored in the past decade llCrandles et al. . 


1992 


. 


Havs et all. Il999l llV et all Il992l: iMaeno et al. 


199C 


; 


Onoda and Kohnol Il998l lOnoda and Yasumoto 


1997al 


d: Tokura et all Il993tl. The electronic properties 



of the Lai^^Sr^jTiOs series is governed by the t2g subset 
of the 3d orbitals. When x = 0, there is one electron 
per Ti, and the system is a Mott insulator. Doping with 
Strontium or Oxygen introduces holes in the Mott insu- 
lator. 

In the cubic structure the t2g orbital is threefold de- 
generate, but this degeneracy is lifted by an orthorhom- 
bic distortion of the GdFeOs structure resulting in the 
space group Pbnm. For a; > 0.3 the material is found 
to transform to another distorted perovskite structure 
with space group Ibmm. For larger values of a; > 0.8 
the orthorhombic distortion vanishes and the material 
assumes the cubic perovskite structure of SrTiOs with 
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space group PmSm. LaTiOa is a Mott insulator which 
orders antiferromagnetically at T^r sa 140 K, with a Ti 
magnetic moment of 0.45 /is and small energy gap of 
approximately 0.2 eV. 

The lifting of the degeneracy plays a very impor- 
tant role for understanding the insulating properties 
of this compound, and they have recently been dis- 
cussed by a single-si t e DM FT study of this com- 
pound ijPavarini et all |2004() . For moderate dopings 
Lai_2;Sr2;Ti03 behaves as a canonical doped Mott in- 
sulator. The specific heat and the susceptibility are en- 
hanced, the Hall coefficient is unrenormalized, and the 
photoemission spectral function has a resonance with a 
weight that decreases as one approaches half filling. Very 
near half filling, (for dopings less than 8 %) the physics 
is fairly compl icated as there is an antiferromagnetic 
metallic phase (iKumagai et all Il993t lOkada et a/J . ll993t 
lOnoda and KohnonToO^ . While it is clear that the par- 
ent compound is an antiferromagnetic Mott insulator, the 
orbital character of the insulat or is not well u nders tood, 
as recent Raman scattering (|R.eedvk fij_ajj^^^' j|) and 
neutron sca ttering investigations reveal |Furiikawa et all 
119991 1199 

Very near half-filling when the Fermi energy becomes 
very small and comparable with the exchange inter- 
actions and structural distortion energies, a treatment 
beyond single-site DMFT becomes important in order 
to treat spin degrees of freedom. Alternatively, for 
moderate and large dopings, the Kondo energy is the 
dominant energy and DMFT is expected to be accu- 
rate. This was substantiated by a series of papers re- 
porting DMFT calculations of a single-band or multi- 
band Hubbard model w i th a si mplified density of states. 
Rcf. (|r{,ozenberg et oil Il994^ addressed the enhance- 
ment of the magnetic susceptibility and the specific 
heat as the half-filling is approached. The optical con- 
ductivity and the suppression of the charge deg r ees of 
freedom was described in Ref. iR.ozenberg et oil 1199(1 
while the observation that the Hall coefficient is not 
renormalized was reported in R,ef. feaiueter and KotliaR 
Il997t iKothar and KaiueteA Il99a The thermoelec- 
tric power was investigate d by Palsson and Kotliar 
ijPalsson and Kotliail Il998l) and the magnetot ransport 
by Lange and Kotliar ijLange and Kotliail 11998^1 . 

Given the simplicity of the models used and the var- 
ious approximations made in the solution of the DMFT 
equations, one should regard the qualitative agreement 
with experiment as very satisfactory. The photoemission 
spectroscopy of this compound as well as of other transi- 
tion metal compounds do not completely reflect the bulk 
data, and it has been argued that disorder together with 
modeling of the specific surface environme nt is required 
to improve the agreement with experiment ijMaiti et all 
I200lt ISarma et all ll99(D . More realistic studies were 
carried out using LDA-I-DMFT. The results are weakly 
sensitive to the basis set used while more sensitive to the 
value of the parameter U and impurity solver. This was 
discussed in section IIIII and it becomes very critical for 
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FIG. 40 Comparison of the exp eri mental photoemission spec- 
trum iFuiimori et all Il992allbl lYoshida et'oH I2002D . the 
LDA result, and the LDA-I-DMFT(QMC) calculation for 
LaTiOs with 6% hole doping and different Coulomb inter- 
actio n U = 3.2, 4.25, and 5 eV (from Ref. iNekrasov et all 
1200(D ). 

materials near the Mott transition since different impu- 
rity solvers give slightly different values of critical U , and 
he nce very different physical spectra for a gi ven value of 
U l|Held et all l2001ct iNekrasov et all |2000|) . However, 
if we concentrate on trends, and take as a given that U 
should be chosen as to place the material near or above 
the Mott transition, nice qualitative agreement with ex- 
periment is obtained. 

Anisimov ijAnisimov et all Il997a|) considered a realis- 
tic Hamiltonian containing Oxygen, Titanium, and Lan- 
thanum bands and solved t he resulting DMFT eq uations 
using IPT. Nekrasov et al. (jNekrasov et all\200(t) solved 
the DMFT equations using t2g density of states obtained 
from an LMTO calculation. In this procedure, the bare 
density of states is rescaled so that it integrates to one. 
They solved the DMFT equations using QMC, IPT and 
NCA. 

Comparison of photoemission experiments with results 
obtained using the QMC impurity solver for different val- 
ues of U is presented in Fig. ^U] One can find favorable 
agreement between experimental and LDA-I-DMFT re- 
sults for J7 = 5 eV. LDA-I-DMFT reproduce the quasi- 
particle and Hubbard bands while LDA captures only the 
spectra around the Fermi level. 

The linear term of the specific heat coefficient was 
computed by fitting the t2g density of states to a tight- 
binding parameterization. To capture the asymmetry in 
tight-binding DOS the next nearest neighbor term, t', 
on Ti sublattice have to be taken into account. The dis- 
persion which has been obtained from the fit is ek = 
2t(cos + cos ky) + 2t' cos{kx + ky) + 2t± cos k^, where 
t = -0.329664, t' = -0.0816, tj_ = -0.0205 in eV 
units. Using the tight-binding DOS and the QMC im- 
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purity solver, the Green's function and the specific heat 
were calculated. The specific heat is given in terms 
of the density of states -/V(/i) at the Fermi level by 
^ ^ 2.357 [^] ^M[states/(eV unit cell)] ^^^^^ ^ 

the quasiparticlc residue or the inverse of the electronic 
mass renormalization. In the LDA, the value of Z is 
equal to one and the doping dependence can be com- 
puted within the rigid band model. The LDA+DMFT 
results are plotted against the experiment in Fig.^] De- 
spite some discrepancies, there is good semiquantitative 
agreement. 
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FIG. 41 Filling dependence of the linear coefficient of specific 
heat, 7, of doped LaTiOa obtained from DMFT calculations 
using QMC as an impurity solver (solid line with stars) with 
U — 5, temperature ft — 16 and LDA calculations (solid 
line). Experimental points are given by crosses and a dot- 
dashed line is used as a guide for eye. Tight -binding density 
of states was used in the self-consistency loop of the DMFT 
procedure. Energy unit is set to half bandwidth. 
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FIG. 42 Calculated optical conductivity spectrum for 
LaajSri-iTiOa, x — 0.10, at large frequency interval using 
DMFT method as compared with the experimental data and 
results of the corresponding LDA calculations. 
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In general, the LDA data for 7 are much lower than 
the experimental values, indicating a strong mass renor- 
malization. Also we note that as we get closer to the 
Mott-Hubbard transition the effective mass grows sig- 
nificantly. This is consistent with DMFT description of 
the Mott-Hubbard transition, which exhibits divergence 
of the effective mas s at the transition. 

Oudovenko et al. ijOudovenko et ali\200Adi) considered 
the optical properties of Lai-^^Sr^^TiOa. The trends are 
in qualitative agreement with th ose of earlier model stud- 
ies (|Kaiueter and Kotliarl[l997|) but now the calculations 
incorporate the effects of realistic band structures. In 
Fig. 221 we plot the calculated optical conductivity for 
LaxSri_2;Ti03 at doping x = 0.1 using the DMFT (sohd 
line) and compare it with the experimental data (dashed 
line with open cycles symbo ls) measured by Fujishima et 
al. l)Fuiishima et all Il992j) and with the LDA calcula- 
tions (dot-dashed line). The low frequency behavior for 
a range of dopings is shown in Fig. 031 

First we notice that the DMFT result agrees with the 
experiment up to the energy of 2 eV. Above 2 eV, both 



FIG. 43 Low frequency behavior of the optical conductiv- 
ity for Lai-iSraiTiOs at a:: = 0.1, 0.2, 0.3 calc ulated using the 
LDA +DMFT method. Experimental results ijOkimoto et all 
119951) are shown by symbols for the case x — 0.1. In the 
inset the effective number of carriers is plotted as a func- 
tion of doping. Squares show the results of the LDA-I-DMFT 
calcu lations. Circles den ote the experimental data from 
Ref. l|Okimoto et aZ.LIl99fir i. 

the LDA and DMFT optics are quite close and fit the 
experiment reasonably well. 

Its worth emphasizing that corresponding calculations 
based on the local density approximation would com- 
pletely fail to reproduce the doping behavior of the opti- 
cal conductivity due to the lack of the insulating state of 
the parent compound LaTiOa within LDA. As a result, 
the LDA predicts a very large Drude peak even for zero 
doping, which remains nearly unchanged as a function of 
doping. In view of this data, DMFT captures the correct 
trend upon doping as well as the proper frequency behav- 
ior, which is a significant improvement over the LDA. 
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3. Further developments 

Understanding the simplest prototypes of the Mott 
transition within DMFT has opened the way to 
many investigations of modified and generalized mod- 
els which are necessary to understand the rich physics 
of real materials. Materials with unfilled bands and 
very different bandwidth near the Fer mi level (exam- 
ples i nclude ruthen ates Ca2-.TSr;,;R u 04 ([Anisimov et al\ . 
I2002D. CrQ . , llToropova a/.l. l2005tl. cobaltates 
ijishida et"aIl . l2005HLechermann et a/.l. l2005bl) . the clas- 
sic Mott insulators VO2 jgoodenougil 119711) and V2O3 
IIEzhov et "aU. I1999I) in l ayered orga nic superconduc- 
tors (|Lefebvre et ^ . l200fl() . fiiUeren es llTaken ghu et_fl^l 
and many other compounds (jimada 6^11^9^ ) 
raise the possibility of an orbitally selective Mott transi- 
tion, where upon increase of the interaction U one band 
can turn into an insulator while the other one remains 
metallic. 



This was observed 
the Ca2 -xSrxRuO 

l2nn,-^ 



first in c onnection with 

syst em (jNakatsuii et all 

iNakatsuii and Maenol I2OOOI) and also the 



Lan+iNinOan-n system (iKobayashi et all Il996t 

ISreedhar etd\ . Il994t IZhang et all Il994(l . The quali- 
tative idea is that when two bands differ substantially 
in bandwidth, as the interaction strength is increased, 
there should be a sequence of Mott transitions, whereby 
first narrow band undergoes a localization transition 
with the broader band remaining itinerant while at large 
U both bands are localized. The term orbital selective 
Mott transition (OSM T) was given for this situation 
ijAnisimov et aZ.l . l2002j) . 

The Hubbard interaction is separated into U among 
opposite spins, U' among different orbitals, and the flip- 
ping term, which is proportional to Hund's coupling J. 

This problem is receiving much attention recently. 
Most of the work was focused on the case of symmetric 
bands in the particle hole symmetric point. It has 
been shown that an OSMT is possible provided that 
the difference in bandwidth t'*/t' is small enough. The 
requirement on this ratio is made less extreme and there- 
fore the OSMT more clearly visible as J is increased, 
in partic ular if its spin rotationally invariant f o rm is 



C. Knecht and N. 


Bliimer and P. G. J. van Dongenl 


200fl Ide' Medici et all l2005al iFerrero et all 1200,^ 


Koga et all 12005. 


,200#. 



Inter estingly, it was shown in refer- 
ences ijBiermann et all |2005a*) that in the regime 
where the heavy orbital is localized and the light orbital 
is itinerant, the heavy orbital forms a moment which 
scatters the light electron resulting in the type of non 
Fermi liquid behavior that was first found in the context 
of the Falikov Kimball model, and studied extensively 
in the context of manganites. This type of non Fermi 
liquid, containing light electrons scattered by local 
collective modes, is then realized in many situations in 
transition metal oxides. 



The effects of interactions containing three electrons in 
the heavy bands and one electron in the light band have 
not been studied in detail. They can be eliminated at 
the expenses of generating a hybridization term, which 
at least in some cases, has been shown to be a relevant 
perturbation turning the insulating band i n to a m etallic 
state via hybridization (|de' Medici et all l2005b() . Fi- 
nally, we note that understanding this problem in the 
context of real materials will require the interplay of LDA 
band theory and DMFT many body calculations. 

Bands are not necessarily symmetric and their center 
of gravity may be shifted relative to each other. The 
fundamental issue is how crystal field splittings and spin 
orbit splittings are renormalized by many body interac- 
tions. This is important not only for experiments which 
measure the orbital occupancies but also because the 
renormalization of the crystal field splitting is a relevant 
perturbation that can modify dramatically the nature 
of the OSMT. This is already seen in the atomic limit, 
where shifts in e/j — e; can have dramatic effect, even 
in static approaches. For exarn ple, in V2O3 ()Held et all 
l2005ll2001atlKeller et all\200^ the "heavy" aig orbital is 
quickly renormalized below the bottom of the LDA con- 
duction band. Notice that if the heavy orbital is moved 
well above the light orbital, one can have an essentially 
weakly correlated situation, while if the heavy orbital 
moves well below the light orbital and if the number of 
electrons is such that the heavy orbital is not full, one en- 
counters a situation where local collective modes scatter 
the light electrons. 

A related issue is how interactions renormalize the 
Fermi surface beyond the LDA Fermi surface. While 
in many cases the LDA Fermi surface provides a good 
approximation to the true Fermi surface of many ma- 
terials such as heavy fermions, there are materials 
where this is not the case. The issue was first raised 
in connection with De Haas van Alphen and pho- 
toemission ex periments on CaVO;:; (llnoue et all l2002() 
and SrRu04 JKikugawa et all l2004|) (for a review see 
ijMackenzie and Maenol l2003|) 'l. This proble m was 
first approached theoretically by Licbsch and Licht- 
enstein using D MFT llLiebsch and Lic htensteia. .2000a 



and then bv fl shida e t all 12005 ^^^^^^^m^^^^ 
2005al IOka.moto and Millisl l2004al IPavarini et all 12004 



Zhou et all . l2005() . For a rev iew and substantia l new in - 



formation on this topic see l)Lechermann et all . l2005b|) . 

Indeed, the shape of the Fermi surface is easily extracted 
from the LDA+DMFT Green's function from the zeros of 
the eigenvalues of the matrix (k) -I- Mint (0) — M ~ 

A4dc- The self-energy for a multi-orbital system treated 
within single-site DMFT cannot in general be absorbed 
in a chemical potential shift, even if the self-energy at 
zero frequency is diagonal, and therefore affects the shape 
Fermi surface. Moreover, let us notice that since the form 
of the double counting enters explicitly in the equation, a 
definitive answer to this issue will require the first prin- 
ciples calculations of this term, for example using the 
GW-I-DMFT technique described in section lLR4i 
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FIG. 44 The phase diagram of Cerium. 



B. Volume collapse transitions 

Several rare earths and actinidc materials undergo 
dramatic phase transitions as a function of pressure 
characterized by a first-order volume decrease upon 
compression. A classical example of this behavior is 
the alpha to gamma (a — s- 7) transition in Cerium 
(see phase diagram in Fig. 144(1 . where the volume 
change is of the order of 15 percent, but similar be- 
havior is observ e d in Pr and Gd (for a review see: 
l|McMahan et oil ligOSM . A volume collapse transi- 
tion as a function of pressur e was also observed i n 
Americium, at around 15 GPa ()Lindbaum et a;J . l200l(l . 
However, unlike the a — > 7 transition which is be- 
lieved to be isostru ctural, or perhaps having a small 
symmetry change (lE liashber g and Capellmannl . Il998t 
iNikolaev and MichelL Il999> .200^ . the volume changing 
transitions in actinides are accompanied by changes in 
the structure. 

In the larger volume phase the /-electrons are more 
localized than in the smaller volume phase, hence, the 
volume collapse is a manifestation of the localization- 
delocalization phenomenon. The susceptibility measure- 
ments indicate that, for example, in Ce the 7-phase is 
paramagnetic with well defined spins while the a-phase 
is non-magnetic. The challenge is to understand how 
small changes in pressure and temperature lead to phases 
with different physical properties. A similar challenge is 
also posed by the generalized (Smith-Kmetko) phase di- 
agram of actinides whereby one interpolates between dif- 
ferent elements by alloying. Metallic Plutonium displays 
a sequence of phase transitions as a function of temper- 
ature between phases with very different volumes, and 
the physics of the localization-delocalization phenom- 
ena is believed to be important for their und erstanding 
(jJohansson et g/J . Il995t ISavrasov et a?J . l200l|) . Realistic 
calculations have been performed by McMahan and col- 
labora tors llMcMahan et~ai. . l2003(l for Ce and Savrasov 
et al. l)SavrasoT^r'ain20o1 ) for Pu. Both groups con- 



cluded that while the localized picture of both materials 
is important, the delocalized phases (a-Pu and a-Ce) 
are not weakly correlated. This is also in agreement with 
recen t optical measurements in Ce (|van der Eb et oil . 
l200l|) . From the DMFT point of view, the "metallic 
phase" is more correlated than a naive band picture 
would suggest, having not only quasiparticles but some 
weight in the Hubbard band. 



1. Cerium 

Johansso n pro posed a Mott transition scenario 
(|joh anssonI Il974) - where the transition is connected to 
the delocalization of the /-electron. In the alpha-phase 
the /-electron is itinerant while in the gamma-phase it 
is localized and hence does not participate in the bond- 
ing. In the absence of a t heory of a Mott transi tion, 
Johansson and collaborators ijJohansson et ali Il995t) im- 
plemented this model by performing LDA calculations for 
the alpha-phase, while treating the /-electrons as core 
in the gamma-phase. 

Allen and Martin jAUen and Martini Il982|) proposed 
the Kondo volume collapse model for the a ^ 7 tran- 
sition. Their crucial insight was that the transition was 
connected to changes in the spectra, resulting from mod- 
ification in the effective hybridization of the spd- band 
with the /-electron. In this picture what changes when 
going from alpha to gamma is the degree of hybridization 
and hence the Kondo scale. In a ser ies of publications 
l|Allen and Liul.ll992tlLiu et a^] . ll992|) they implemented 
this idea mathematically by estimating free energy dif- 
ferences between these phases by using the solution of 
the Anderson-Kondo impurity model supplemented with 
elastic energy terms. The modern dynamical mean-field 
theory is a more accurate realization of both the vol- 
ume collapse model and the Mott transition model. In 
fact, these two views arc not orthogonal, as it is known 
that the Hubbard model is mapped locally to an Ander- 
son model satisfying the DMFT self-consistency condi- 
tion. Furthermore, near the Mott transition this impu- 
rity model leads to a local picture which resembles the 
Kondo collapse model. 

T he Cerium proble m was recently studied by Zolfi et 
al. (IZolfi et aZ.l I2OOII) and by McMahan and co llabora- 
tors l|Held et all l2001bt iMcMahan et all |2003|) . Their 
approach consists of deriving a Hamiltonian consisting 
of an spd-hand and an /-band, and then solving the re- 
sulting Anderson lattice model using DMFT. McMahan 
et al. used constrained LDA to evaluate the position of 
the /-level as well as the value of the interaction U. The 
hopping integrals are extracted from the LDA Hamilto- 
nian written in an LMTO basis. Zolfi et al. identified the 
model Hamiltonian with the Kohn-Sham Hamiltonian of 
the LDA calculation in a tight-binding LMTO basis after 
the /-level energy is lowered by U{nf — i). 

Strong hybridization not only between localized / 
orbitals but also between localized / and delocalized 
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spd-orbitals is the main reason to go beyond the stan- 
dard AIM or PAM and to consider the Hamiltonian 
with the full {s,p,d,f) basis set. The starting one- 
particle LDA Hamiltonian is calculated using the LMTO 
method considering 6s-, 6p-, 5d-, and 4/-shells. Claim- 
ing small exchange and spin-orbit interactions both 
groups used SU(N) approximation to treat the /- 
orbitals wit h the Coulomb repulsio n [// w 6 eV. McMa- 
han et al. ijMcMahan et all \200^ used Uf = 5.72 and 
5.98 eV for a and 7-Ce correspondingly) extracted from 
the constrained LDA calculations. 

The differences between these two approaches arc at- 
tributed to the impurity solvers used in the DMFT pro- 
cedure and to the range of studied physical properties. 
Zolfl et al. used the NCA impurity solver to calculate 
the one-particle spectra for a- and 7-Ce, Kondo tem- 
peratures, and susceptibilities while the McMahan group 
used QMC and Hubbard I methods to address a broader 
range of physical properties of Ce. Thermodynamic prop- 
erties such as the entropy, the specific heat, and the free 
energ y are studied by McMahan et al. ijMcMahan et all 
120031) in a wide range of volume and temperatures in 
search of a signature of the a— 7 transition. The details of 
the spectral function obtained in both publications differ 
somewhat mostly due to different impurity solvers used 
(NCA and QMC) but the qualitative result, a three peak 
spectra for a-Ce and two peak spectra o f 7-Ce, is clear for 
both methods (the spectra from Ref. iMcMahan et all 
I2OO3I are presented in Fig. 145(1 . The Kondo temperatures, 
TK,a ~ 1000 K and Tk,^ w 30 K obtained by Zolfl et al. 
as well as T^^^ ~ 2100 K and Tk,^ < 650 K obtained by 
McMahan group, are reasonably close to the experimen- 
tal estimates of TK,a = 945 K and 1800 - 2000 K as well 
as Tk -v = 95 K and 60 K extracted from the electronic 
i Liu aZ.l.ll992tl and high-energy neutron spectroscopy 
i Murani et aZ.I . Il993(l . correspondingly. 

To find thermodynamic evidence for the a —^ j tran- 
sition, the total energy was calculated. McMahan et al. 
compute the total energy which consists of three terms: 
all-electron LDA energy, DMFT total energy minus so 
called "model LDA" energy which originates from the 
double counting term in the DMFT calculations. Volume 
dependence of the total energy Etot (eV) is reproduced in 
Fig. |2ni It was found that the DMFT contribution is the 
only candidate to create a region of the negative bulk 
modulus. In other words, the correlation contribution 
is the main reason for the thermodynamic instability re- 
vealing itself in the first order phase transition. As seen 
from Fig. l46l the minimum of the total energy in the zero- 
temperature limit corresponds to the volume of a-phase, 
and for large temperature T = 0.14 eV the minimum 
shifts to higher values of volume roughly corresponding 
to the 7-phase. 

With increasing temperature, the contribution to free 
energy from the entropy term becomes important. Hence 
one can look for another signature of the a ^ 7 transi- 
tion: the behavior of the entropy. The transition was 
attributed to rapid increase of the entropy in the region 
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FIG. 45 Comparison of the LDA-FD MFT(QMC) (sol id line) 
spectra with experime nt (circles) l|Liu et all 119921) (after 
l|McMahan et alltooi) ) . 



of volumes 28.2-34.4 A. At large volumes, when spectral 
weight of the 4/-electrons is removed from the Fermi 
level, the entropy saturates at value fcBln(2J-|- 1), and in 
the case of the SU{N) approximation assumed in the cal- 
culation, the logarithm tends to ln(14). For smaller vol- 
umes the quasiparticle peak grows which causes changes 
in the specific heat and hence in the entropy through 
/ dTC{T)/T, substantially reducing it to smaller values. 

So, the general qualitative picture which comes out 
from the LDA-hDMFT calculations is the following. At 
large volume (7-phase) the 4/-spectrum is split into 
Hubbard bands and therefore a local moment is present 
in the system. With volume reduction a quasiparticle 
(Abrikosov-Suhl resonance) develops in the vicinity of 
the Fermi level which causes a drop in the entropy and 
disappearance of the local moment. Temperature depen- 
dence of the quasiparticle peak indicated a substantially 
larger Kondo temperature in the a-phase than in 7-Ce 
phase. The obtained results also suggest that 7- and a- 
phascs of Ce are both strongly correlated. 

Finally the optical properties of Cerium, were com- 
puted bothJn_tlie algha and gamma phases by Haule et. 
al. l)Haiile et all l2005l) . These authors observed that 
the Kondo collapse and the Mott transition scenario can 
be differentiated by measuring the optical properties that 
are controlled by the light electrons, or by studying theo- 
retically the photoemission spectra of the spd-electrons. 
In a Mott transition scenario, the spc?-electrons are mere 
spectators, not strongly affected by the localization of 
the /'s. Alternatively, in the Kondo collapse scenario 
a typical hybridization gap should open up in the spd- 
spectra with a clear optical signature. Their calculation 
as well as their interpretation of the optical data of Van 



64 



2.5 



2.0 



03 



1.5 



polarized HF 
DMFT(QMC) 
-0.6 GPa 




studi ed earlier by ISoderlind et all Il994t ISolovvev 



1.0 



FIG. 46 Total LDA+DMFT(QMC) and polarized Hartree- 
Fock (HF) energy as a function of volume at three temper- 
atures. While the polarized HF energy has one pronounced 
minimum in the 7-Ce phase, the LDA+DMFT(QMC) shows 
a shallowness (T = 0.054, eV), which is consistent with 
the observed a-7 transition (arrows) within the error bars. 
These results are also consistent with the experimental pres- 
sure give n by the nega tive slope of the dashed line, (from 
jMcMahan et all\20oi^ ) 



I. l20ni(> supports the Kondo col- 



Dcr Eb Ijvan der EV 
lapse scenario. 

2. Plutonium 



Many pro perties of Plutonium have b een a long stand- 
ing puzzle jFreeman and Darbvl Il974|) . Pu is known 
to have six crystallog raphic structures with large vari- 
ation in their volume (|Hecker and TimofeevaL l200(t) . Pu 
shows an enormous volume expansion between a- and 
(5-phases which is about 25%. Within the (5-phase, the 
system is metallic and has a negative thermal expansion. 
Transition between 6- and the higher-temperature e~ 
phase occurs with a 5% volume collapse. Also, Pu shows 
anomalous resistivity behavior ijBoring and Smithl . l200Cl|) 
characteristic of a heavy fcrmion systems, but neither of 
its phases are magnetic, displaying small and relatively 
temperature indep endent susceptibility. Photoemission 
()Arko et all l2000|l exhibits a strong narrow Kondo-like 
peak at the Fermi level consistent with large values of 
the linear specific heat coefficient, although inverse pho- 
toemission experiments have not been done up to now. 

Given the practical importance of this material and 
enormous amount of past experimental and theoretical 
work, we first review the results of conventional LDA 
and GGA approaches to describe its properties. Elec- 
tronic structure and equilibrium properties of Pu were 



199ll as well as re c ently bv I.Tones et oil 



et al. 



2nnr : 



Robert. '2004^ 'Savrasov and K othail l20qct ISoderlinc , 
2001; .Soderlind et aL .2002; .WaTand Sunl . I2OOOI Using 
non-magnetic GGA calculations, it was found that the 
equilibrium volume of its (5-phase is underestimated by 
20-30%. The spread in the obtained values can be at- 
tributed to different treatments of spin orbit coupling for 
the 6p sem icore states. In particu lar, the problem was 
recognized (|Nordstrom et adl200(l) that many electronic 
structure methods employ basis sets constructed from 
scalar-relativistic Hamil tonians and trea t spin-orbit in- 
teraction variationally (|AndersenL ^23)- Within the 
Pauli formulation (i.e. when only terms up to the or- 
der -i^ are kept) the spin-orbit Hamiltonian is given by 



2 dV^^ 

rc ar 



(261) 



whose matrix elements are evaluated on the ra- 
dial solutions of the scalar rclativistic version of 
the Schroedinger's equation 0/(r, i?) carrying no total 
(spin -|-orbit) moment d epend ence. It has been pointed 
out ijNordstrom et alX l200Cl|) that in the absence of 
proper evaluations of </'j=i/2 (''7 Epi/2 ) 4'j=3/2 {fi Ep3/2 ) or- 
bitals, one of the options is to neglect the spin-orbital in- 
teraction for 6p states completely. This results in the im- 
provement of volume which is of the order of 20% smaller 
than the experiment as compared to the relativistic Pauli 
treatment which gives a 30% discrepancy. 

One can go beyond the Pauli Hamiltonian and treat 
the spi n-orbital Hamiltonian as an e nergy-dependent op- 
erator ijKoelling and HarmonL [197^ . 



r{E-V)]^ dr 



(262) 



For a narrow band, the energy in the denominator can 
be taken approximately at the center of the band and 
the average of the operator can be evaluated without a 
problem. Our own simulations done with the full poten- 
tial LMTO method show that the discrepancy in atomic 
volume is improved from 27% when using Eq. H261() to 
21% when using Ea. (|262|l and appear to be close to the 
results when the spin-orbit coupling for the 6 p states 
is neglected. The origin of this improvement lies in a 
smaller splitting between 6p^^^ and 6p^^^ states when in- 
corporating the term beyond 4^ . 

Models with the assumptions of long range mag- 
netic order have also been exten s ively explored 
in the past j Kutepov and Kutepova^, '200^ 'Robcrd 
2004t [S ^^^so^^ ud Kotliar. 2000: Soderland and Sadighl 



20041 ISoderhndL l200irrSoderhnd et ali Il994i I200S : 
Solovvev et aZj. ll99lHWan and Sunl. l2000|) . While none 
of Pu phases are found t o be magnetic of ei ther or- 
dered or disordered type (jLashlev et all l2004(l all ex- 
isting density functional based calculations predict the 
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existence of long range magnetism. Using GGA and im- 
posing ferromagnetic order, the predictions in the the- 
oretical volumes for the (5-phase have ranged from un- 
derestimates by as much as 33% llSavrasov a nd Kotli^ 
l200(y to overestimates by 16% l)Soderhnd et aL . .200% 
Again, the sensitivity of the results to the treatment of 
the spin orbit coupling for 6p semicore needs to be em- 
phasized. Our most recent investigation of this problem 
shows that a 33% discrepan cy found with simulat i on us- 
ing the Pauli Hamiltonian (jSavrasov and Kotliaii 1200(1) 
can be removed if Ea. (|262() is utilized. This makes the re- 
sult consistent with the calculations when spin-orb i t cou- 
pling for 6p states is completely omitted l)Robertl . 120041: 
ISoderlind Rj_g|JJ 2002^ or when using ful ly relativistic cal- 
culation (|Kutepov and KutepovaL l2003t) . 

Despite the described inconsistencies between the the- 
ory and the experiment for the (5-phase, the volume 
of the g-phase is found to be predicted correctly by 
LDA iTones et all 120001: iKiitepov and KutepovaL 120031: 
ISoderlindl . l200l[l . Since the transport and thermody- 
namic properties of a- and (5-Pu are very similar, the 
nature of the a-phasc and the LDA prediction by itself 
is another puzzle. 

Several approaches beyond standard LDA/GGA 
schemes have been implemented to address these puz- 
zles. The LDA-I-U method was applied to i5-Pu 
l|Bouchet et all l2000t Is avrasov and KotliaiLl2000l) . It is 
able to produce the correct volume of the i5~phase, for 
values of the parameter U~4 eV consistent with atomic 
spectral data and constrained density functional calcula- 
tions. However, the LDA-I-U calculation has converged 
to the artificial magnetically ordered state. This method 
is unable to predict the correct excitation spectrum and 
to recover the a-phase. To capture these properties, 
U must be s et to zero. Another approach proposed 
in the past ijEriksson et all Il999() is the constrained 
LDA approach in which some of the 5f-electrons, are 
treated as core, while the remaining electrons are allowed 
to participate in band formation. Results of the self- 
interaction -corrected LDA calculations have been als o 
discussed l|Settv and GoopeiL l2003t ISvane et all Il999t> . 
Recent simulat ions based on the dis ordered local mo- 
ment method jNiklasson et al\ . l2003j) have emphasized 
that the volume of the i5~Pu can be recovered without an 
assumption of long range magnetic order. 

The dynamical mean-field theory offers a way to deal 
with the problem using the full frequency resolution. 
Within DMFT the magnetic moments do not need to 
be frozen and can live at short time scales while giving 
zero time average values. Also, performing finite temper- 
ature calculation ensures that the various orientations 
of moments enter with proper statistical weights. The 
LDA-I-DMFT cal culations using Pauli Hamiltonia,ns hav e 
been reported in ijDai et aZ.Ll2003HSavrasov~ "^■ 12001 . 
To illustrate the importance of correlations, t he au thors 
l|Savrasov and KotliaR I2003L ISavrasov et all l200ll) dis- 
cussed the results for various strengths of the on-site 
Coulomb interaction U. The total energy as a function 



of volume of the FCC lattice is computed for T = 600 K 
using the self-consistent determination of the density in 
a double iteration loop as described in Section ^ The 
total energy is found to be dramatically different for non- 
zero U with the possibility of a double minimum for 
U's = 4 eV which can be associated with the low vol- 
ume a- and high-volume (5-phases. 
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FIG. 47 Total energy as a function of volume in Pu for differ- 
ent values of U calculated using the LDA-I-DMFT approach. 
Data for the FCC lattice are computed at T = 600 K, while 
data for the BCC lattice are given for T = 900 K. 

The calculations for the BCC structure using the 
temperature T = 900 K have been also reported 
(|Savrasov and Kotliaii l2004b|) . Fig. El shows these re- 
sults for U = 4 eV with a location of the minimum around 
V/Vs = 1.03. While the theory has a residual inaccuracy 
in determining the S- and e-phase volumes by a few per- 
cent, a hint of volume decrease with the 6 e transition 
was clearly reproduced. 

The values of ?7 ~ 4 eV, which are needed in these 
simulations to describe the a — )■ (5 transition, were 
found to be in good agreement with the values of on- 
site Coulomb repulsi on between /-electrons estimat ed by 
atomic spectral data ijDesclaux and R 'eeman|.|l98 4ll. con - 
strained density function al studies jTurchi et aZj.ll999tl . 
and the LDA-I-U studies (jSavrasov and KotharLl2000|) . 

The double-well behavior in the total energy curve is 
unprecedented in LDA or GGA based calculations but it 
is a natural consequence of the proximity to a Mott tran- 
sition. Ind^edj_£ecentstu^^ of model Hamiltonian sys- 
tems (jKotliar et all l2002t) have shown that when the /- 
orbital occupancy is an integer and the electron-electron 
interaction is strong, two DMFT solutions which differ in 
their spectral distributions can coexist. It is very natural 
that allowing the density to relax in these conditions can 
give rise to the double minima as seen in Fig. 071 

The calculated spectral density of states for the FCC 



structure using the volume V/Vs = 0.8 and V/Vg = 1.05 
correspon ding to the a- and ^ -phase s have been re- 
porte d l|Savrasov and Kothail l2004bl: ISavrasov etaj]. 
l200l|) . Fig. compares the resuhs of these dynam- 
ical mean-field calculations with the LDA method as 
well as with the experiment. Fig. 0H1 (a) shows density 
of states calculated using LDA-I-DMFT method in the 
vicinity of the Fermi level. The solid black line corre- 
sponds to the i5-phase and solid grey line corresponds 
to the a-phase. The appearance of a strong quasipar- 
ticle peak near the Fermi level was predicted in both 
phases. Also, the lower and upper Hubbard bands can 
be clearly distinguished in this plot. The width of the 
quasiparticle peak in the a-phase is found to be larger 
by 30 percent compared to the width in the (5-phase. This 
indicates that the low-tcmpcrature phase is more metal- 
lic, i.e. it has larger spectral weight in the quasiparticle 
peak and smaller weight in the Hubbard bands. Recent 
advances have allowed the experimental determination 
of these spectra, and th ese calculations a re consistent 
with these measurements ()Arko et g/J . 12000(1 . Fig.EHl(b) 
shows the measured photoemission spectrum for S- (black 
line) and a-Pu (gray line). A strong quasiparticle peak 
can clearly be seen. Also a smaller peak located at 0.8 eV 
is interpreted as the lower Hubbard band. The result of 
the local density approximation within the generalized 
gradient approximation is shown in Fig. 1481 (a) as a thin 
solid line. The LDA produces two peaks near the Fermi 
level corresponding to 5/^/^ and 5/^^^ states separated 
by the spin-orbit coupling. The Fermi level falls into a 
dip between these states and cannot reproduce the fea- 
tures seen in photoemission. 

A newly developed dynamical mean-field based lin- 
ear response technique jSavrasov and Kotliaill200^ has 
been applied to calcul ate the phonon spectra in S- and 
e-Pu iPai et ndEffll . Self-energy effects in the calcu- 
lation of the dynamical matrix have been included using 
the Hubbard I approximation jHubbardl . Il963f) . A con- 
siderable softening of the transverse phonons is observed 
around the L point in the calculated frequencies as a 
function of the wave vector along high-symmetry direc- 
tions in the Brillouin zone for the 5-phase (see Fig. I49f) 
This indicates that the (5-phase may be close to an insta- 
bility with a doubling of the unit cell. Another anomaly 
is seen for the transverse acoustic mode along (Oil) which 
is connected to the non-linear behavior of the lowest 
branch at small q. Overall, the phonon frequencies are 
positive showing the internal stability of the positions of 
the nucle ar coordinates in (5 -Pu. Remarkably, the ex- 
periment (IWong et I200,1^ which came out after the 
publication i|Da^^Iin200^ has confirmed these the- 
oretical predictions. The measured points arc shown on 
top of the calculated curves in Fig. 2^1 

The presented results allow us to stress that, in 
spite of the various approximations and their respec- 
tive shortcomings discussed in the text, it is clear that 
LDA-t-DMFT is a most promising technique for study- 
ing volume collapse transition phenomena. Besides the 
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FIG. 48 a) Comparison between calculated density of states 
using the LDA-I-DMFT approach for FCC Pu: the data for 
V/Vs = 1.05, U = 4.0 eV (thick black solid line), the data for 
V/Vs = 0.80, U = 3.8 eV (thick gray line) which correspond 
to the volumes of the S and Q-phases respectively. The result 
of the GGA calculation (thin solid line) at V/Vs = 1 (f/ = 0) 
is also given, b) Measured photoemission spectrum of S (black 
line) and a (grey line) P u at the scale from -1.0 to 0.4 eV (after 
Ref . lArko et all |2000D . 
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FIG. 49 Calculated phonon spectrum of S-Pu (squares con- 
nected by full lines) in c omparison with experiment (open 
circles JWong et adl2003ll ) 



satisfying agreement with experiment (given the crude- 
ness of various approximations) both the studies of Plu- 
tonium and Cerium have brought in a somewhat unex- 
pected view point for the electronic structure community. 
The delocalized phase (a-Plutonium and a-Cerium) are 
not weakly correlated, in spite of the success of density 
functional theory in predicting their volume and elastic 
properties. 
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C. Systems with local moments 

The maR netism of meta llic systems has been studied 
intensively (jMorival Il985(l . Metallic ferroniagnets range 
from being very weak with a small magnetization to 
very strong with a saturated magnetization close to the 
atomic value. For a review of early theorie s see e .g. Refs. 
l)Herrind. IToel iMorivaL Il985t IVonsoTOk^ Il974|) . Weak 
ferromagnets are well described by spin density wave the- 
ory, where spin fluctuations are localized in a small re- 
gion of momentum space. Quantitatively they are well 
described by LSDA. The ferromagnetic to paramagnetic 
transition is driven by amplitude fluctuations. In strong 
ferromagnets, there is a separation of time scales, fi/t is 
the time scale for an electron to hop from site to site with 
hopping integral i, which is much shorter than 7i/ J, the 
time scale for the moment to flip in the paramagnetic 
state. The spin fluctuations are localized in real space 
and the transition to the paramagnetic state is driven by 
orientation fluctuations of the spin. The exchange split- 
ting J is much larger than the critical temperature. 

Obtaining a quantitative theory of magnetic materials 
valid both in the weak and strong coupling regime, both 
above and below the Curie temperature, has been a theo- 
retical challenge for many years. It has been particularly 
difficult to describe the regime above Tc in strong fer- 
romagnets when the moments are well formed but their 
orientation fluctuates. A related problem arises in mag- 
netic insulators above their ordering temperature, when 
this ordering temperature is small compared to electronic 
scales. This is a situation that arises in transition metal 
monoxides (NiO and MnO) and led to the concept of a 
Mott insulator. In these materials the insulating gap is 
much larger than the Neel temperature. Above the order- 
ing temperature, we have a collection of atoms with an 
open shell interacting via superexchange. This is again 
a local moment regime which cannot be accessed easily 
with traditional electronic structure methods. 

Two important approaches were designed to access 
the dis ordered local moment (D LM) regime. One ap- 
proach (iHubbardL Il979albl. ll98lD starts form a Hubbard 
like Hamiltonian and introduces spin fluctuations via 



the Hubbard-Stratonovich transformation ( Cvrotlll97(]l: 
Evenson et all. Il97(l IStratonovichl Il958t IWang et all 



1969() which is then evaluated using a static coherent po- 



tential approximation (CPA) and improvements of this 
techn ique. A dynamical CPA llAl- Attar and Kak ehashi, 
W9£ ) was developed b y Ka kehashi (|Kakehashil 1X992 , 
2002 ; iKakehashi et alV il 998(1 and is closely related to 
the DMFT ideas. A second approach begins with so- 
lutions of the Kohn-Sham equations of a constrained 
LDA approximation in which the local moments point 
in random directions, and averages ov er their o r ienta- 
tion using the KK R-CPA approach l)Faulkneil Il982t 
iGvorffv and StocksL Il979tl . The average of the Kohn- 
Sham Green's functions then can be taken as the first 
approximation to the true Green's functions, and in- 
formation about angle resolved photoemission spectra 



can b e extracted (|Gvorffv et al\ . Il985t IStaunton et al\ . 
ll98fSD . There are approaches that are based on a pic- 
ture where there is no short range order to large degree. 
The opposite point of view, where the spin fluctuations 
far away form the critical temperature are still relatively 
long ran ged was put forward in the fluctuation local ban d 
picture ilCa pcllmann'. '19741; 'Kor enman et al ]. Il977albll3 
iPrange and Korenmaji, ,liL79a b,) . 

To describe the behavior near the critical point re- 
quires renormalization group methods, and the low- 
temperature treatment o f this problem is still a sub- 
ject of intensive research (|Belitz and Kirkpatrickl 1 2002) . 
There is also a large literature on describing ferromag- 
netic metals using more standard many-body methods 
llLiebschl.ll98ltlManghi aZ.LIl997lll999HNolting et all 
ll987HSteiner et ad 1X9921: iTreglia et a^.l.ll982^ ■ 

While the density functional theory can in princi- 
ple provide a rigorous description of the thermody- 
namic properties, at present there is no accurate prac- 
tical implementation available. As a result, the finite- 
temperature properties of magneti c materials are esti- 
mate d following a simple suggestion l|Liechtenstein et oil . 
Il987|) . Constrained DFT at T = is used to extract 
exchange constants for a classical Heisenberg model, 
which in turn is solved using approximate methods (e.g. 
RPA, mean- field) from classical s tatistic al mechanics of 
spin systems (lAntropov et aZ.1. 1X996: Hah ^ et g^J. 1X998 ; 
Liechtenstein et al\. Il987l: iRosengaard anT'johanss^ , 



I997^ . The most recent implementation of this approach 



gives good values for the transition temperature of Iron 
but not of Nickel (|Paida et aZ.l.l200X|) . However it is pos- 
sible that this is the result of not extracting the exchange 
constants correctly, and a differen t algorithm fo r carrying 
out this procedure was proposed (|Brunol |2003|) . 

DMFT can be used to improve the existing treatments 
of DLM to include dynamical fluctuations beyond the 
static approximation. Notice that single-site DMFT in- 
cludes some degree of short range correlations. Cluster 
methods can be used to go beyond the single-site DMFT 
to improve the description of short range order on the 
quasiparticle spectrum. DMFT also allows us to incorpo- 
rate the effects of the electron-electron interaction on the 
electronic degrees of freedom. This is relatively impor- 
tant in metallic systems such as Fe and Ni and absolutely 
essential to obtain the Mott-Hubbard gap in transition 
metal monoxides. 

The dynamical mean-flcld theory offers a very clear 
description of the local moment regime. Mathemati- 
cally, it is given by an effective action of a degenerate 
impurity model in a bath which is sufficiently weak at 
a given temperature to quench the local moment. This 
bath obeys the DMFT self-consistency condition. If one 
treats the impurity model by introducing the Hubbard- 
Stratonovich field and treats it in a static approximation, 
one obtains very simple equations as those previously 
used to substantiate the DLM picture. 
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1. Iron and Nickel 



Iron and Nickel w ere st udied in Refs . 

Katsnelson and Lichtensteinl 120001: ILichtenstein et all . 



20011 The values U = 2.3 CS-O) eV for Fe (Ni) and inter- 



atomic exchange of J = 0.9 eV for both Fe and Ni were 
used, as obtained f rom th e constrained LDA calculations 
llAnisimov et ali Il997at IBandvopadhvav and SarmaL 
Il989t ILichtenstein and Katsnelsoni Il997l Il998^ . These 
parameters are consistent with those of many earlier 
studies and resulted in a good descrip tion of the physical 
prope rties of Fe and Ni. In Ref. ILichtenstein et aD . 
120011 the general form of the double counting correction 
V^"-^ = ^Tr^Mcri^) was taken. Notice that because of 
the different self-energies in the Cg and t2g blocks the 
DMFT Fermi surface does not coincide with the LDA 
Fermi surface. 

The LDA+U method, which is the static limit of the 
LDA+DMFT approach, was appli ed to the calculatio n 
of the magnetic anisotropy energies ijimseok et a/J . l200Hl . 
This study revealed that the double counting correction 
induces shifts in the Fermi surface which brings it in 
closer agreement with the De Haas Van Alphcn exper- 
iments. The values of U used in this LDA+U work are 
slightly lower than in the DMFT work, which is consis- 
tent with the idea that DMFT contains additional screen- 
ing mechanisms, not present in LDA-I-U. This can be 
mimicked by a smaller value of the interaction U in the 
LDA-f U calculation. However, the overall consistency of 
the trends found in the LDA-I-U and the DMFT studies 
arc very satisfactory. 

More accurate solutions of the LDA-I-DMFT equations 
have been presented as well. The impurity mod el was 
solved by QMC in Ref. ILichtenstein et "^ l2nmla,nd by 
the F LEX scheme in Ref. iKatsnelson and Lichtensteinl 
I2OO2L It is clear that Nickel is more itinerant than 
Iron (the spin-spin autocorrelation decays faster) , which 
has longer lived spin fluctuations. On the other hand, 
the one-particle density of states of Iron closely re- 
sembles the LSDA density of states while the DOS 
of Nickel, below Tc, has addition al features which are 
not present in the LSDA spectr a (jAhjnaiineljaLjj l200flt 
lEberhardt and Plummeil Il98nt llwan et all Il979t) : the 
presence of the famous 6 eV satellite, the 30% narrow- 
ing of the occupied part of c?~band and the 50% de- 
crease of exchange splittings compared to the LDA re- 
sults. Note that the satellite in Ni has substantially more 
spin-up contributions in agree ment with photocmission 
spectra (|Altmann et oi.L 120001) . The exchange splitting 
of the d-band depends very weakly on temperature from 
T = 0.6Tc to T = 0.9Tc. Correlation effects in Fe are 
less pronounced than in Ni due to its large spin splitting 
and the characteristic BCC structural dip in the density 
of states for the spin-down states near the Fermi level, 
which reduces the density of states for particle-hole ex- 
citations. 

The uniform spin susceptibility in the paramagnetic 
state, Xq=o = dM/dH, was extracted from the QMC 




FIG. 50 Temperature dependence of ordered moment and the 
inverse ferromagnetic susceptibility for Fe (open square) and 
Ni (open circle) compared with e xperimental results for Fe 
(square) and Ni (circle) (from Ref. lStocks et all\W9^ . The 
calculated moments were normalized to the LDA ground state 
magnetization (2.2 hb for Fe and 0.6 {xb for Ni). 



simulations by measuring the induced magnetic moment 
in a small external magnetic field. It includes the polar- 
ization of the impuri ty Weiss field by the external field 
(|Ceorges et all \l99(t\ . The dynamical mean-field results 
account for the Curie- Weiss law which is observed ex- 
perimentally in Fe and Ni. As the temperature increases 
above Tc, the atomic character of the system is partially 
restored resulting in an atomic like susceptibility with 
an effective moment /ie//. The temperature dependence 
of the ordered magnetic moment below the Curie tem- 
perature and the inverse of the uniform susceptibility 
above the Curie point are plotted in Fig. jSUl together 
with th e corresponding experimental data for Iron and 
Nickel (|WolfarthLlT98q) . The LDA-^DMFT calculation 
describes the magnetization curve and the slope of the 
high-temperature Curie- Weiss susceptibility remarkably 
well. The calculated values of high-temperature mag- 
netic moments extracted from the uniform spin suscepti- 
bility are fieff = 3.09 (1.50)^b for Fe (Ni), in good agree- 
ment with the experimenta l data /ie// = 3.13 (1.62)/iB 
for Fe (Ni) llWolfarthL IT981 . 



The Curie temperatures of Fe and Ni were estimated 
from the disappearance of spin polarization in the self- 
consistent solution of the DMFT problem and from the 
Curie-Weiss law. The estimates for Tc = 1900 (700) K 
are in reasonable agreement with exper imental values o f 
1043 (631) K for Fe (Ni) respectively l)Wolfarthl. [T986j) . 
considering the single-site nature of the DMFT ap- 
proach, which is not able to capture the reduction of 
Tc due to long-wavelength spin waves. These effects are 
governed by the spin-wave stiffness. Since the ratio of 



69 



the spin-wave stiffness D to Tc, T c/a^D. is nearl y a 
factor of 3 larger for Fe than for Ni ijWolfarthl Il986f) (a 
is the lattice constant), we expect the Tc in DMFT to be 
much higher than the observed Curie temperature in Fe 
than in Ni. Quantitative calculations demonstrating the 
sizeable reduction of Tc due to spin waves in Fe in the 
framework of a Hcisenberg model were performed in Ref. 
IPa j da et ciL, 2001. This physics whereby the long wave- 
length fluctuations renormalize the critical temperature 
would be reintroduced in the DMFT using E~DMFT. Al- 
ternatively, the reduction of the critical temperature due 
to spatial fluctuations can be investigated with cluster 
DMFT methods. 

The local susceptibility is easily computed within the 
DMFT-QMC. Its behavior as a function of tempera- 
ture gives a very intuitive picture of the degree of cor- 
relations in the system. In a weakly correlated regime 
we expect the local susceptibility to be nearly tempera- 
ture independent, while in a strongly correlated regime 
we expect a leading Curie-Weiss behavior at high tem- 
peratures xiocai = IJ-foJi^"^ + const.) where fiioc is 
an effective local magnetic moment. In the Hcisen- 
berg model with spin S, nf^^ ~ S{S + l).g^ and for 
the well-defined local magnetic moments (e.g., for rare- 
earth magnets) this quantity should be temperature in- 
dependent. For the itinerant electron magnets, ^loc is 
temperature-dependent due to a variety of competing 
many-body effects such as Kondo screening, th e induc- 
tion of local magnetic moment by temperature ijMorival 
and thermal fluctuations which disorder the mo- 
ments l|lrkhin and Katsnelsonl Il994|) . All these effects 
are included in the DMFT calculations. 

The comparison of the values of the local and the 
q = susceptibility gives a crude measure of the de- 
gree of short-range order which is present above Tc- 
As expected, the moments extracted from the local sus- 
ceptibility are a bit smaller (2.8 for Iron and 1.3 
fiB for Nickel) than those extracted from the uniform 
magnetic susceptibility. This reflects the small degree 
of th e short-range cor r elatio ns which remain well above 
Tc l)Mook and Lvnnl Il985fl . The high-temperature 
LDA-I-DMFT clearly shows the presence of a local mo- 
ment above Tc- This moment is correlated with the pres- 
ence of high-energy features (of the order of the Coulomb 
energies) in the photoemission. This is also true below 
Tc, where the spin dependence of the spectra is more pro- 
nounced for the satellite region in Nickel than for that of 
the quasiparticle bands near the Fermi level. This can 
explain the apparent discrepancies between different ex- 
perimental dete rminations of the high-temperature mag- 
netic splittings (iKakizaki et all.ll994 iKisker et a/J . ll984l: 
iKreutz et g^J . 119891 ISinkovic et all Il997t) as being the 
results of probing different energ y regions. Th e reso- 
nant photoemission experiments ijSinkovic et al\ . Il997j) 
reflect the presence of local-moment polarization in 
the high-energy spectrum above the Curie temperature 
in Nickel, wh i le the low-energy ARPES investigations 
l)Kreutz et all Il989() results in non-magnetic bands near 



the Fermi level. This is exactly the DMFT view on 
the electronic structure of transition metals above Tc- 
Fluctuating moments and atomic-like configurations are 
large at short times, which results in correlation effects 
in the high-energy spectra such as spin-multiplet split- 
tings. The moment is reduced at longer time scales, cor- 
responding to a more band-like, less correlated electronic 
structure near the Fermi level. 



2. Classical Mott insulators 

NiO and MnO represent two classical Mott-Hubbard 
systems (in this section we shall not distinguish be- 
tween M ott-Hubbard insulat ors and charge transfer in- 
sulators (|Zaanen et aZ.I . Il'985(l ). Both materials are insu- 
lators with the energy gap of a few eV regardless whether 
they are antiferromagnetic or paramagnetic. The spin- 
dependent LSDA theory strongly underestimates the en- 
ergy gap in the ordered phase. This can be corrected by 
the use of the LDA-I-U method. Both theories however 
fail completely to describe the local moment regime re- 
flecting a general drawback of band theory to reproduce 
the atomic limit. Therefore the real challenge is to de- 
scribe the paramagnetic insulating state where the self- 
energy effects arc crucial both for the electronic struc- 
ture and for recovering the correct phonon dispersions 
in these m aterials. The DMFT c alcula tions have been 
performed ijSavrasov and Kotliaii l2003() by taking into 
account correlations among d-electrons. In the regime 
of large U, adequate for both for NiO and MnO in the 
paramagnetic phase, the correlations were treated within 
the well-known Hubbard I approximation. 

The calculated densities of states using the 
LDA+DMFT meth od for the parama g netic state 
of NiO and MnO l)Savrasov and Kotliail |2003|) have 
revealed the presence of both lower and upper Hubbard 
sub-bands. These were found in agreeme nt with the 
LDA -I-U calculations of Anisimov f Anisimov et al\ . 
I1991D which have been performed for the ordered 
states of these oxides. Clearly, spin integrated spectral 
functions do not show an appreciable dependence with 
temperature and look similar below and above phase 
transition point. 

The same trend is known to be true for the phonon 
spectra which do not depend dramatically on magnetic 
ordering since the Neel temperatures in these materi- 
als are much lower of their energy gaps. Fig. 1511 shows 
phonon dispersions for NiO along major sy mmetry di- 
rectio ns. A good agreement with experiment (|Rov et all 
Il976j) can be found for both acoustic and transverse 
modes. A pronounced softening of the longitudinal op- 
tical mode along both TX and TL lines is seen at the 
measured data which is in part captured by the theoreti- 
cal DMFT calculation: the agreement is somewhat better 
along the TX direction while the detailed g-dependence 
of these branches shows some residual discrepancies. 

The results of these calculations have been com- 
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FIG. 51 Comparison between calculated using the DMFT 
method (filled circles) and experimental (open circles) phonon 
dispersion curves for NiO. 



pared with the paramagnetic LDA, as well as with 
the antiferromagnetic L SDA and LSDA+U solutions in 
lifif. lSavrasov and Kotliar , ..20Qii The paramagnetic LDA 
did not reproduce the insulating behavior and therefore 
fails to predict the splitting between the LO and TO 
modes. Due to metallic screening, it underestimates the 
vibrations for NiO and predicts them to be unstable for 
MnO. The spin resolved LSDA solution imposes the ex- 
istence of long-range magnetic order and is an improve- 
ment, but strongly underestimates the energy gap. As a 
result, an apparent underestimati on of the longitudinal 
optic al modes has been detected (|Savrasov and Kotliail 
1200.^) . On the other hand, the calculations with corre- 
lations produce much better results. This is found both 
for the LSDA+U and the LDA+Hubbard I calculations 
which can be interpreted as good approximations to the 
DMFT solutions for the ordered and disordered magnetic 
states. Such an agreement can be related with the fact 
that the direct d — d gap is fixed by U, and the charge 
transfer gap comes out better in the theory. Thus, the 
local screening of charge fluctuations are treated more 
appropriately. 



D. Other applications 

DMFT concepts and techniques are currently being 
applied to investigate a broad range of materials and 
a wide variety of strong correlation problems. This is 
a very active research frontier, comprising topics as di- 
verse as manganites, ruthenates, vanadates, actinides, 
lanthanides, Buckminster fuUerenes, quantum criticality 
in heavy fermion systems, magnetic semiconductors, ac- 
tinides, lanthanides, Bechgaard salts, high-temperature 
superconductors, as well as surfaces hetcrostructures al- 
loys and many other types of materials. We mention 



below a small subset of the systems under investiga- 
tion using the techniques described in this review, just 
in order to give the reader a glimpse of the breadth of 
this rapidly developing field and the great potential of 
DMFT methods to investigate str ongly corre l ated m ate- 
rials. For earlier reviews see Rei. iHeld et all l2001d and 
also llHeld et al[\200^. llLich tcnstcin et a?.'. '2002b'^ — 
llGeorgesi l2004albl: lKotli a ^2005: 1 
20011: iKothar and VoUhardfl Wo04 
20013). 

Transition Metal Oxides 
• A large body of DMFT studies focused on the Mangan- 
ites with the perovskite structure, like Lai-ajCa^^MnOa 
or Lai_a;Sra;Mn03. These materials attracted attention 
because of their "colossal" magnetoresistance, which is an 
extre me sensitivity o f resistance to an app lied magnetic 



extre me sensitivity q t resistance to an app iiea magnetic 
field ijDagottol l2002l iTokural Il990l l2003|) . The phase 
diagram of these materials in the temperature composi- 
tion plane is very rich, displaying ferromagnctism, anti- 
fcrromagnctism, and charge and orbital ordering. Several 
physical mechanism and various interactions are impor- 
tant in these materials such as the double exchange mech- 
anism (i.e. the gain in kinetic energy of the Cg electrons 
when the t2g electrons are ferromagnetically aligned) , the 
coupling of the eg electrons to Jahn-Teller modes (i.e. 
distortions of the Oxygen octahedra which lift the cu- 
bic degeneracy of the eg orbitals) and breathing Oxy- 
gen phonon modes. These materials, as well as the cop- 
per oxides, also spurred new studies on strong electron- 
phonon coupling problems and their interplay with the 
electron electron interactions. Semiclassical treatments 
of the core spins and the phonons, help to dramatically 
simplify the solution of the DMFT equations. 

For various DMFT studies of the elec- 
tron phonon coup ling problem in the man- 
ganites ^see 

Blawid et all 120031: 
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• High-temperature superconductivity The discovery 
of high-temperature superconductivity in the cuprates 
posed the great theoretical and computational chal- 
lenge of uncovering the mechanism of this phenomena, 
which is still not sufficiently understood to this day. 
The cluster extensions of DMFT are actively being ap- 



high-temperature superconductivitv llArvanpour et al. 


20021 ICivelli et all I200J4 iDahnken et all 12004". 
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Other transition-metal oxides have recently been 



71 



studied with DMFT. Na2;Co02 has received much inter- 
est due to anomalous thermoelectric properties in addi- 



tion to superconductivity upon hydration. ||lahida^.el^ 
20051 iLechermann et all l2005bt ISaha-Daseupta et al. 



2005b() . LiV02 displays an unusually large effective mass 



for a d-electron system, which gave rise to the idea that 
this may be an example of a hcavy-fcrmion d-electron ma- 
terial pckrasov et al. , 2{)Q^ . TiOCl displays Id orbital 
ordering at l ow temperatures, and exhibits a spin-Peierls 
transition l|Hoink is et "op . I2005t ISaha-Daseupta et all 
l2005at ISeidel et all |2003() . Ca2-;rSr^Ru04 attracted a 
lot of attention as it exhibits unconventional p-wave 
superconductivity at low temperature s, a Mott tran- 
sition, and a surface-sensitive s pectr a tAnisiinQv_S^-aI , 
'200^: Lichtcnstcin and Licbsch U2002l: iLiebschL l2003alt: ; 
Licbsch and Lichtonstoin, .2000 




Organic Materials and Supramolecular Struc- 
tures 

• FuUerines KnCeo- The doped Buckminster fuUerenes 
are solids formed from Cgo - a molecule shaped like a 
soccer ball - with the alkali metal sitting in the mid- 
dle. T heir proximity to th e Mott transition was pointed 
out bv iGunnarssonL [l997l At low temperatures K3C60 
is an s-wave superconductor, where both the strong 
clcctron-phonon interaction and the Coulomb repulsion 
need to be taken into account. DMFT has been help- 
ful in understanding the transition to superconductiv - 
ity l|Capone et aZ.l . l2002all2000ll2002btlH'an et aZ.l.l2003(l . 
A Mott insulating state has also been realized recently 
in another nanostructured supercrystal family, that of 
potassium loaded zeolites, a nd reahstic DMFT calcula- 
tions have been carried out l)Arita et all\2QQ'^ . 

• Bechqaard salts ^Biermann et all l200lt 
IVescoli et all I2OOOI) . In addition to the quasi-two 
dimensional organic compounds of the kappa and theta 
families mentioned in section Hvl there have been chain- 
DMFT studies of {TMTTF)2X and {TMTSF)2X. 
These are strongly anisotropic materials made of stacks 
of organic molecules. Their optical properties are very 
unusual. At high temperatures the electrons move 
mainly along the chains, before undergoing inelastic col- 
lisions forming a "Luttinger liquid" - one of the possible 
states of the one-dimensional electron gas. By contrast, 
at sufficiently low temperatures the electronic structure 
becomes effectively three-dimensional. For example, 
they exhibit a very narrow Drude pe ak carrying only 
one percent of the total o ptical weight ijBiermann et al\ . 
I2OOII: IVescoli et all I2OOOI) . Investigations of the unusual 
properties of these materials, and in particular of 
the crossover between the low- and high-temperature 
regimes, using cluster generali zations of DMF T have 
been performed in Refs. IBiermann et all l200lt 
IVescoli et all I2OOOI Other aspects have recently been 
addre ssed in Refs. lGeorges et aIl . l2000l : lGiamarchi et all 
12004 

Heavy Fermion Systems and Silicides 

• Heavy fermion materials are compounds containing 
both /-electrons and lighter s,p, d-electrons. They can 



form a "heavy" Fermi liquid state at low temperatures 
where the quasiparticles are composites of /-electron 
spins and conduction electron charges, or can order anti- 
ferr omagnetically a t low temperatures (for recent review 
see (|Stewartll200l|) '). 

The boundary between the Fermi liquid and the 
itinerant antifcrromagnct has been a subject of inten- 
sive theoretical and experimental study. Recent neu- 
tron scattering experiments are consistent with a lo- 
cal spin self-energy, and have motivated an extended 
dynamical mean-field descriptions of the Kondo lat- 
tice model (ISiet. al. adll999l:lGrempel aiid|sil .| 2003 : 



Ingersent and SiL 120021: I.Tian-Xin sit oi.l . l200,'4 ISJ. 12001 . 
Si et a^J . I2003ll200l|) which reproduces many features of 



the experime nt at zero temperature. For a recent discus- 
sion see m I2OO3I). A corresponding study of Anderson 
lattice model (|Sun and Kothaill200^ suggests that non- 
local effects, which require a cluster dynamical mean- 
field study, play an important role. 

An interesting issue is whether the optical sum rule, 
integrated up to some cutoff of the order of one eV, can 
be a strong function of temperature in heavy fcrmion 
insulators. The / sum rule states that if the inte- 
gration is performed up to infinite frequency, the re- 
sult is temperature independent. In most materi- 
als, this sum rule is obeyed even when a finite up- 
per limit of the order of an e lectronic energy is used. 
This was found in Ce3Bi4Ptc. iBucher et alluM^ and 
in FeSi ISchlesinger et'M. liggSftl llSmith et all 12003 " 



..^^.^^. ^gC- , - 

Urasaki and Sasol I2OOOI: Ivan der Marel l2003|) . In Ref. 
DamasceUTTigggr it has been shown that the integrated 



optical weight up to 0.5 eV is a strong function of tem- 
perature, and if an insulating gap much smaller than the 
cutoff is open, spectral weight is transferred to very high 
frequencies. This problem was theoretically addressed 
using single-site DMFT applied to the Anderson lat- 
tice model, and the theory supports a gradual filling 
of th e gap without area conservation ijRozenberg et all 
More re cent studies applied to a multiband 
Hubbard model llSmith et all l2003t lUrasaki and Sasol 
I2OOOI Ivan der Marell 12005 ) and to the Anderson lat- 
tice (|Vidhvadhiraia et all 2003|) yield excellent quanti- 
tative agreement with the most recent experiments. Of 
great interest is the behavior of these materials in an ex- 
ternal field, which is easily incorporated into the DMFT 
equat ions ijde' Medici et all l2005bl: iMever and Noltind. 
l200l|) .One interesting phenomena is the possibility of 
metamagnetism, namely the anomalous increase of the 
magnetization and the concomitant changes in electronic 
structure as a function of external field, known as a mcta- 
magnetic transition. This is displayed in many heavy 
fermion systems such as GeRu2Si2. An important issue 
is whether a transition between a state with a large Fermi 
surface and a small Fermi surface takes place as a func- 
tion of magnetic field. 

Inhomogeneous Systems 
• Magnetic semiconductors are materials where the mag- 
netization is strongly tied to the carrier concentration. 
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They offer the possibihty of controUing the eharge con- 
ductivity (as in the usual semiconductors) and the spin 
conductivity (by controUing the magnetization), by vary- 
ing the carrier concentration. Great excitement in 
this field has been generated by the discovery of high- 
temp e rature fe r romagnetism in these niateria ls (|Kiibleii 
I200rt iKiiebleil 120021 IVoUhardt el oil Il99<<) . A main 
challenge is to understand the strong dependence of the 
magnetization on the carrier concentration of the mag- 
netic atoms and on the concentration of the conduction 
electrons or holes. This problem is closely related to 
the Anderson lattice model and several DMFT studies of 
this problem have appea red ijChattopadhvav et a?J . l200lt 
iDas Sarma et al\ . 1200,'^ . DMFT has b een successfully 
applied to hal f magnets such as NiMnSb l)Chioncel et al\ . 
12003a . .2005i:.Irkhin et fl^.l.l2004^ as well as magnetic mul- 
tilavers ijChionceT^nTTichtensteinl |2004|) . For a recent 
DMFT study of the dependence of the c ritic al temper- 
ature on various physical parameters see ()Moreno et ai. 

• Strongly inhomogeneous systems: systems near an 
Anderson transition. The dynamical mean-field theory 
has been formulated to accommodate strongly inhomo- 
geneous situations such as systems near an Anderson 
transition, by a llowing an arbitrary site depende nce of 
the Weiss field (jDobrosavlievic and Kothail Il997|) . Re- 
cent progress in simplifying the analysis and solution of 
these equations was achieved using the typical medium 
approach of Dobrosavljevic et al. (jDobrosavliec et oZI . 
l200a) . The statistical DMFT approach can also be 
used to study the interplay of disorder and t he electron- 
phonon coupling l)Bronold and Fehskd . 120031) . 

• Heterostructures surfaces and interfaces 

Another application of DMFT is to study correlation 
effects on surfaces , which likely to be more pronounced 
than in the bulk ()Freerickgl l2004t lOkamoto and Milli j. 
I2004blclldh. For an early discussion of thes e effects 
see Ref~ lHesper et all. l2000t ISawatzkvl Il995t DMFT 
equations for the study of correlation effects on sur- 
faces and surfaces phase transitio ns were written down 
by Pott hoff and collaborators ijPotthoff and Noltind . 
Il999albl l3). and successf ully apphed to study the Mott 
transition on surfaces by ijLiebschl . l2003ct iPerfetti et all 
I2OOS) . DMFT has been applied to inhomogeneous situ- 
ations involving a much longer periodicity. These stud- 
ies were motivated by the discovery of stripes in high- 
temperature superconductors. 



V. OUTLOOK 

Dynamical mean-field methods represent a new ad- 
vance in many-body physics. They provide an excellent 
description of the strongly correlated regime of many 
three-dimensional transition-metal oxides, which had 
not been accessible to other techniques. Additionally, 
DMFT has given new insights into strongly correlated 
electron systems near a metal-insulator transition, or 



localization-delocalization boundary. 

The combination of advanced electronic structure 
methods with the dynamical mean-field technique has 
already resulted in new powerful methods for mod- 
eling correlated materials. Further improvements 
are currently being pursued, as the implementations 
of GW methods and dynam ical m ean-field ideas 
llArvasetiawan and Gunnarssonl [l99& .Biermann et al 



2003t ISun and Kotliail l200l l2004t IZein and Antropo^ 



2002) 



In the field of statistical mechanics, the development 
of mean-field theories was followed up by the develop- 
ment of renormalization group approaches incorporating 
the physics of long wavelength fluctuations which become 
dominant near critical points. The development of effec- 
tive renormalization techniques for correlated electrons 
and electronic structure applications is a major challenge 
ahead. It will allow for more accurate derivation of low- 
energy Hamiltonians, and improve the solution of model 
Hamiltonians beyond the dynamical mean-field theory 
based on small clusters. 

The forces acting on the atoms have been re- 
cently evaluated in the realistic DM FT treatment of 
phonons in correlated electron systems l)Dai et all l2003t 
ISavrasov and Kotliar, 2003). The indications that 
DMFT captures correctly the forces on the atoms in cor- 
related materials bodes well for combining this develop- 
ment with molecular dynamics to treat the motion of 
ions and electrons simultaneously. This remains one of 
the great challenges for the future. 

In conclusion, DMFT is a theory which can accurately 
capture local physics. We emphasize that the notion 
of local is flexible, and generically refers to some pre- 
deflned region in which correlations are treated directly 
(e.g. a single-site, or a cluster of sites). Current com- 
putational limitations restrict the local region to be a 
relatively small number of sites for lattice models. De- 
spite this restriction, DMFT and its cluster extensions 
have been very successful in describing a wide variety of 
materials properties where conventional techniques such 
as LDA have failed. Therefore, it seems that there finally 
exists a general tool which can accurately treat many of 
the problems posed by strong correlation in realistic ma- 
terials. With the increasing number of realistic DMFT 
implementations and studies of materials, more detailed 
comparisons with experiments will emerge. Ultimately, 
this experience will allow us to understand which aspects 
of the strong correlation problem lie within the scope of 
the method, and which aspects require the treatment of 
non-Gaussian, long wavelength fluctuations of collective 
modes not included in the approach. 
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and Baker-Campbell-Hausdorff formula e ~ e" 
with 



Af = A + + a2[A [A,B]] 



(A3) 



we have 



exp(dUd)exp(dtBd) = exp(dtMd) 
By recursion, this generalizes to K matrices, so we just 
have to prove the result for K ^ I, A^^'^ = M. If M is di- 
agonal, the result is straightforward. For a general matrix 
M , by directly expanding the exponential of the left hand 
side and using Wick theorem, we see that Tr^^t j^e'^^^^'^ is 
a series in TrM'' (fc > 0) and is therefore invariant under 
any change of basis, and therefore det(l -I- e*^). Hence 
the result follows by diagonalizing M. 
Second, we use the determinant formula 



1 ... 

-B, 1 ... 

-B2 1 







Bl 




1 

-Bl-1 1 



dct{l + BLBL-i...Bi) 



where Bi, . . . , Bl are nxn matrices. This formula results 
by recursion from the general formula for block matrices: 



det =dct 



1 b\ Ia-bd-^c 0^ 
Q d)\ d-^c I J 

detDAet{A- BD-'^C) 



(A4) 



APPENDIX A: Derivations for tlie QMC section 

a. Derivation of Eq. I'JllV First, we show that 



Tr^t.d I Yi ^ 

. l<fe<A' 



det I 1 + Y\ e 

l<k<K 



(Al) 

where di [1 < i < n) arc fcrmionic operators, A'*^' (1 < 
k < K) nxn matrices, and the notation d'^A'-'^^'d = 

Ei<«.,<„44^fc?i- Indeed using 



[d^Ad, d^Bd] = d^ [A, B] d 



(A2) 



b. Derivation of Eq. i212l The first s tep is to obtain an 
explicit formula for gs^s} ijBla nkcnbc cler et a/J . ll98ll) . A 



quick way is to replace 

exp('(/;^'At a) and exp(a'''Ajy'!/)), 



and a^p^, in the trace by 



where V is an auxiliary 



fermion and (Ap)y = where is the index of 

Starting from the explicit trace expression of the Green's 
function, distinguishing the cases li > I2 and li < I2, us- 
ing Eq. ljAl|l and Eq. (|A4|) , we finally expand to sec ond 
order in A and obtain (see also l)Georges et aZ.I . [l996|) ): 



5{S}(^1'^2) 



Bl{l + B 



.BlBl 



.BfBI 



.B?. 



.BlBl. 



for li > I2 
for li < I2 



(A5) 



A straightforward 
gls}0.{{S]) = 1. 



calculation then shows that c. Derivation of Eq. 12 MV Equation H214|) follows from the 



observation that Ccr({<5'}) ni=ri e 



^"({5}) 



depends on 
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the configuration {S} only on its diagonal blocks, which 
leads to 



which yields Eq. I214|l . 



d. Derivation of the fast update formula 121911 We present 
here the steps to go from Eq. (|219|1 to Eq. (|220|l . Since 
the difi'erence between the two V is in the I block, Aa- 
has the form 



A. 



/l 
1 



\o 



A? 







A 



Ll 



Using (|X4jl . we have det A^. = dct Af;. If dctA'd 7^ 0, we 
use the Woodbury formula whe re M \s du N x N matri x 
and U and V are NxP matrices l|Golub and LoanLll996j) : 

with N = LAf, P = TV, M = 1, *J7 = = 
{S^l),l< i < i)- to get 



(l 
1 









yo ... ~A-M) 

which leads to Eq. if^^ . 



(A7) 
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APPENDIX B: Software for carrying out realistic DMFT 
studies. 

There is a growing interest to apply DMFT to real- 
istic models of strongly-correlated materials. In con- 
junction with this review, we provide a suite of DMFT 
codes which implement some of the ideas outlined in 
the review (http://dmftreview.rutgcrs.edu). These codes 
should serve as a practical illustration of the method, 
in addition to lowering the barrier to newcomers in the 
field who wish to apply DMFT. A strong effort was made 
to isolate the various aspects of the DMFT calculation 



into distinct subroutines and programs. This is a neces- 
sity both for conceptual clarity, and due to the fact that 
various pieces of the code are under constant develop- 
ment. Additionally, we hope that this will increase the 
ability of others to borrow different aspects of our codes 
and apply them in future codes or applications. Each of 
the codes performs some task or set of tasks outlined in 
the LDA+DMFT flow chart (see Fig. ^ or the simpler 
DMFT flow chart (see Fig. 0. 



a. Impurity solvers 

DMFT is a mapping of a lattice problem onto an impu- 
rity problem. Therefore, at the heart of every DMFT cal- 
culation is the solution of the Anderson impurity model 
(section ^nj. Solving the AIM is the most computation- 
ally demanding aspect of DMFT. No one solver is opti- 
mum for all of parameter space when considering both ac- 
curacy and computational cost. Therefore, we provide a 
variety of impurity solvers with this review. Additionally, 
more impurity solvers will be added to the webpage with 
time, and existing impurity solvers will be generalized. It 
should be noted that some solvers are more general than 
others, and some of the solvers are already embedded 
in codes which will perform DMFT on simple Hubbard 
models. The following solvers are currently available: 
QMC, FLEX, NCA, Hubbard I, and i ntcrp olativ e solver. 
(See sections IIILDIIILAIITLBI IHLCI and IHLFI respec- 
tively.) 



b. Density functional theory 



Density functional theory (see section lT.B.l|) is the pri- 
mary tool used to study realistic materials, and in prac- 
tice it is usually the starting point for the study of re- 
alistic materials with strong correlations. Furthermore, 
current implementations of DMFT require the dcflnition 
of local orbitals. Therefore, DFT performed using an 
LMTO basis set is ideal match for DMFT. However, we 
should emphasize that any basis set may be used (i.e. 
plane waves, etc) as long as local orbitals are defined. 

Sergej Savrasov's full-potential LMTO code (i.e. LM- 
TART) is provided to perform both DFT and DFT+U 
(i.e. LDA+U or GGA-I-U) calculations (see sections ll.B.ll 
and lll.CI respectively) . This code possesses a high degree 
of automation, and only requires a few user inputs such 
as the unit cell and the atomic species. The code out- 
puts a variety of quantities such as the total ground state 
energy, bands, density of states, optical properties, and 
real-space hopping parameters. The code additionally 
calculates forces, but no automatic relaxation scheme is 
currently implemented. 

A Microsoft windows based graphical interface for LM- 
TART, Mindlab, is also provided. This allows an unfa- 
miliar user an intuitive interface to construct the input 
files for LMTART, run LMTART, and analyze the results 
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in a point-and-click environment. This code is especially 
helpful for plotting and visualization of various results 
ranging from the projected density of states to the Fermi 
surface. 



c. DFT+DMFT 

As stressed in this review, the ultimate goal of our 
research is a fully first-principles electronic structure 
method which can treat strongly-correlated systems (i.e. 
see section II.B.3IIII.E)| . Because this ambitious method- 
ology is still under development, we continue to rely on 
the simplified approach which is DFT+DMFT (section 
IT"Bt|) . Although simpHfied, DFT+DMFT is still techni- 
cally difficult to implement, and currently we only pro- 
vide codes which work within the atomic-sphere approx- 
imation (ASA) for the DFT portion of the calculation. 
One of the great merits of DFT+DMFT is that it is a 
nearly first-principles method. The user only needs to 
input the structure, the atomic species, and the inter- 
actions (i.e. U). The DFT+DMFT code suite is broken 
into three codes. 

The first part is the DFT code, which is simply a mod- 
ified version of LMTART. It has nearly identical input 
files, with minor differences in how the correlated or- 
bitals arc specified. Therefore, the main inputs of this 
code are the unit cell and the atomic species. The main 
role of this code is to generate and export the converged 
DFT Hamiltonian matrix in an orthogonalized local ba- 
sis for each k-point. Therefore, this code essentially gen- 
erates the parameters of the unperturbed Hamiltonian 
automatically. This information is needed to construct 
the local Green's function. 

The second part is the code which implements the 
DMFT self-consistency condition Eq. H121|) . which re- 
quires a choice of correlated orbitals. This code takes 
the Hamiltonian matrix and the self-energy as input, and 
provides the bath function as output. 

The third part is the various codes which solve the 
Anderson impurity model, and these have been described 
above in the first section. These codes take the bath 
function as input and provide the self-energy, which is 
used in the self-consistency condition in the preceding 
step. 

These three pieces allow one to perform a non-self- 
consistent DFT+DMFT calculation as follows. First, 
the DFT code is used to generate the local, orthogo- 
nalized Hamiltonian matrix at each k-point. Second, 
one starts with a guess for the self-energy and uses 
the DMFT self-consistency condition code to find the 
bath function. Third, the bath function is fed into the 
impurity solver producing a new self-energy. The sec- 
ond and third steps are then repeated until DMFT self- 
consistency is achieved. This is considered a non-self- 
consistent DFT+DMFT calculation. In order to be fully 
self- consistent, one should recompute the total density 
after DMFT self-consistency is achieved and use this as 



input for the initial DFT calculation. This process should 
be continued until both the total density and the local 
Green's function have converged. At the present time, 
we have not provided a routine to recompute the total 
density following the self-consistent DMFT calculation, 
and therefore only non-self-consistent DFT+DMFT cal- 
culations are currently supported. 

One should note that the above pieces which compose 
the DFT+DMFT suite are three separate codes. There- 
fore, one must write a simple script to iterate the above 
algorithm until self-consistency is reached (ie. the self- 
energy converges to within some tolerance). Addition- 
ally, the DFT portion of this code suite (i.e. the first 
part) can in principle be replaced by any DFT code as 
long as a local basis set is generated. 



d. Tight-binding cluster DIVIFT code (LISA) 

The LISA (local Impurity Self-Consistent Approxima- 
tion) project is designed to provide a set of numerical 
tools to solve the quantum many-body problem of solid 
state physics using Dynamical Mean Field Theory meth- 
ods (single site or clusters). The input to the program 
can be either model Hamiltonians, or the output of other 
ab-initio calculations (in the form of tight binding pa- 
rameters and interaction matrices). This should greatly 
facilitate the development of realistic implementations of 
dynamical mean field theory in electronic structure codes 
using arbitrary basis sets. 

This tool is provided to allow non-DMFT specialists to 
make DMFT calculations with a reasonable investment. 
However, DMFT methods are still in development and 
undergoing constant improvements. In particular, new 
impurity solvers need to be developed and new cluster 
schemes will possibly be explored. Therefore numerical 
tools have to be fiexible to accommodate foreseeable ex- 
tensions of the methods. In particular, one needs to be 
able to switch the solver easily while keeping the same 
self-consistency condition. This can be achieved most ef- 
ficiently with modern programming techniques (e.g. ob- 
ject orientation, generic programming without sacrificing 
speed since intensive parts of the program are quite lo- 
calized and can be easily optimized). These techniques 
allow for a standardization of DMFT solvers by using an 
abstract solver class such that any new solver can be used 
immediately in various DMFT calculations. The use of 
an abstract Lattice class allows for programs designed for 
tight-binding models like the Hubbard model to also be 
used for realistic calculations. A decomposition of the 
self-consistency conditions into small classes is beneficial 
in that various summation techniques on the Brillouin 
zone can be used or new cluster schemes can be tested. 

With LISA, we hope to achieve flexible, reusable, and 
efficient software that is general enough to solve a variety 
of models and to serve as a basis for future developments. 
Documentation, including examples, is provided with the 
web page. At present, a library and a self-contained 
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DMFT program arc provided to solve a generalized tight- 
binding Hamiltonian with single-site or many variants of 
cluster DMFT described in section III . Bl wit h the Hirsch- 
Fye QMC method. The tight-binding Hamiltonian may 
be very simple, such as the traditional Hubbard model 
or the p — d model of the cuprates, or very complex, 
such as a real material with longer range hoppings. This 
is markedly different than the DFT+DMFT code which 
takes the structure as input and generates the Hamilto- 
nian. The tight-binding Hamiltonian may be generated 
by a variety of different electronic structure methods and 
codes, or trivially specified in the case of a model Hamil- 
tonian. 



APPENDIX C: Basics of the Baym-Kadanoff functional 

The aim of these online notes is to provide a more 
pedagogical description of the use of functionals by using 



J 



the Baym-Kadanoff functional as an example, and to 
derive, step-by-step, a few simple relations and formulae 
which are used in the main text. 

In the Baym-Kadanoff theory, the observable of inter- 
est is the following operator 



(CI) 



and its average is the electron Green's function G{x', x) = 
— {TtiI}{x')iI}'^ (x)) . As in the main text of the review we 
use the notation x = (?-, r). The aim of the theory is to 
construct a functional that expresses the free energy of 
the system when the Green's function is constrained to 
have a given value. 

First, we modify the action of the system so that it 
gives rise to the observable of our choice. This is achieved 
by adding a source term to the action in the following way 



^[■^1 = / D[i;^] cxp 



dxdx' ij}'^ {x) J {x , x')il}{x') 



(C2) 



r 



where the action S is given by 5 = -I- AS*! where 5*0 
is the free part of the action and 5*1 the interacting part. 
In electronic structure calculations 

Si^^xJ dxdx'i}}\x)ip\x')vc{x-x')iij{x')'4j{x). (C3) 

and vc is the Coulomb interaction. 

A is a coupling constant that allows us to "turn on" 
the interaction. When A = we have a non interacting 
problem and we have the interacting problem of interest 
when A = 1. 

The modified free energy Eq. (|('2(l is a functional of 
the source field J . F = F[J]. By varying modified free 
energy Eq. HC2|I . F with respect to J we get 



5F[J,X] 
6J 



G, 



(C4) 



The solution of this equation, gives J — J(A, G). 

Its meaning is the source that results for a given 
Green's function G when the interaction is A. Notice 
that when A is set to unity and G is the true Greens 
function of the original problem (i.e. J = 0, A=1)J 
vanishes by definition. 

When G is the true Greens function of the original 
problem and A = 0, J(A = 0, G) is non-zero and is equal 
to the interacting self-energy Si„t. This is because the 
interacting self-energy is the quantity that needs to be 
added to the non-interacting action to get the interacting 
Green's function. We will show how this works mathe- 
matically below. 



We now make a Legendre transform from source the 
J to Green's function G, to get a functional of Green's 
function only 

TsKiG, A] - F[J[A, G], A] - Tr[ JG] (C5) 

with the differential 



STbk = -Tr[JSG]. 



(C6) 



rBA:[G] is the functional which, as we will show be- 
low, gives the free-energy and the Greens function of the 
interacting system at its saddle point. It is very useful 
for constructing numerous approximations. The Legen- 
dre transform is used extensively in statistical mechan- 
ics, and the above procedure parallels transforming from 
the canonical to the grand-canonical ensemble where the 
chemical potential replaces the density as the indepen- 
dent variable. 

Now we want to connect the solution of the interact- 
ing system A = 1 with the corresponding non-interacting 
A = problem and split functional Fba'IG] into the sim- 
ple non-interacting part and a more complicated inter- 
acting part. 



1. Baym-Kadanoff functional at A = 

If A is set to zero, the functional integral l|C2p can 
readily be computed 
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-^^o[Jo] ^ J ^[^t^] cxp J dxdx'i^\x){^ -fi + H„ + JoMx')^ = Dct(^ - M + ^0 + ^o), (C7) 



r 



and the free energy becomes 



Fo[Jo] = -Trln {G^^ - Jo) 



(C8) 



where we neglected a constant term Tr ln(— 1). Here Jq is 
J(A = 0) and Fo is F{X = 0), while Go = {u; + ^i-Ho)-^ 
is the usual non-interacting Green's function. Taking 
into account Eq. (|C4p . the Green's function at A = is 



SFojJo 
SJo 



(C9) 



Since the Green's hmction G is fixed at the interacting 
Green's function, it is clear that the source field Jq is 
the interacting self-energy, viewed as a function of the 
Greens function G i.e.. 



Jo = ^int[G] 



Gq ^ 



G~ 



(CIO) 



viewed as a functional of G (since Go fixed and given from 
the very beginning). In general, Jo is the constraining 
field that needs to be added to the non-interacting action 
So to get the interacting Green's function. Finally, the 
Baym-Kadanoff functional at A = 0, being the Legendre 
transform of _Fo [Jo] i takes the form 

ro[G] = -Trln [Gq' - S,„t[G]] - Tr[E,„t [G]G] (Cll) 



2. Baym-Kadanoff functional at A = 1 

When the interaction is switched on, the functional is 
altered and in general we do not know its form. We will 
write it as 

TekIG] = -Trln [G'' - S„t[G]] -Tr[S],„t[G]G]+$B/f[G] 

(C12) 

where ^bk is a non-trivial functional of A and G. We are 
interested in A = 1 but it is useful sometime to retain its 
dependence of A for theoretical considerations. It will be 
shown (see section Rj.3|l that ^bk can be represented as 
the sum of all two-particle irreducible skeleton diagrams. 

We have seen in the previous subsection that J van- 
ishes at A = 1, J(A = 1, G) = 0. This has the important 
consequence that the Baym-Kadanoff functional is sta- 
tionary at A = 1 (see Eq. (jC6|) ') and is equal to free energy 
of the system (see Eq. (jC5(l 'l. 

Stationarity of T bk means that the saddle point equa- 
tions determine the relationship between the quantities 
that appear in the functional, i.e., 



5Tbk[G 
SG 



= Tr 



[{Go' 



SG 
S^bk[G] 
5G 



0. 



)-'-G\ 



(C13) 



The first term in parenthesis vanishes from Eq. (|C10|I . 
Therefore at the stationary point , which determines the 
Greens function of interest Ggp, the constraining field, 
denoted by Si„t [G] in Baym-Kadanoff theory, is equal 
to the derivative of the interacting part of functional. 



I.e., 



\G, 



5-^bk\G] 



6G 



(CM) 



Using the definition of Tiint in eq. (|C10I ) we see that 
this is nothing but the standard Dyson equation, a non 
linear equation that determines the Greens function of 
interest, Gsp, at the saddle point of the BK functional: 



(Gq ^ - Ggp) — 



S^bk[G 



6G 



(C15) 



Eq. ljC14|) offers a the diagrammatic interpretation of 
^BK as a sum of all two particle irreducible skeleton 
graphs. Namely, a functional derivative amounts to open- 
ing or erasing one Green's function line and since the self 
energy by definition contains all one particle irreducible 
graphs, ^BK must contain al l two particle irreducible 
graphs (skeleton graphs, see l|deDominicis and Martin| . 
Il964albfl 1. 

Note that the functional Tbk can also be regarded as 
a stationary functional of two independent variables, G 
and Sinf 



BK 



[G, Tii. 



-- -Trln [Go ^ - S],„t] -Tr[S,„tG]+$Bx[G] 

(C16) 

The derivative with respect to Ei„( gives Eq. ljC10|) , while 
derivative with respect to G leads to Eq. ljC14|) . 

Finally, by construction, the free energy of the interact- 
ing system at (A = 1) is simply obtained by evaluating 
Tbk at its stationary point, which is the true Greens 
function of the system, which by abuse of notation we 
will still refer to as G (instead of Gsp): 

Fbk = TrlnG - Tr[(Go ^ - G-']G) + $bx[G]. (C17) 



3. Interacting part of Baym-Kadanoff functional 

In this subsection, we want to give an alternative proof 
that the interacting part of the Baym-Kadanoff func- 
tional ^BK is the sum of all two-particle irreducible 
skeleton diagrams. 

To prove this we go back and reintroduce the coupling 
constant A which multiplies the interacting part of the 
Hamiltonian Hint — XV and the interacting part of the 
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action which was used to define the path between the 
non-interacting A = and interacting A = 1 system. 

We first evaluate the derivative of the Baym Kadanoff 
functional with respect to A at fixed G, namely 



dX 



dX 



(C18) 



Using Eq. (|C5|) and the relation between J and G, 
Eq. valid at any given A, {TbkIG] = F[Jx,X] - 

Tt[J\, G]), we obtain 



a$BK[G,A] dF[J,X] 



dX 



dX 



(C19) 



J=.J{\,G) 



Here J is a function of both A and G, i.e., J(A, G). 

The derivative of the free energy functional with re- 
spect to the coupling constant (at fixed source ) is readily 
obtained 

1^ = i 1 D[i;^^]Ve-^ = (C20) 



and 

^-^^^§^ = \{H„-,)[KJ{X^G)] (C21) 

Notice that Hint or 5*1 is independent of of J, but the 
average ( ) is carried out with respect to a weight which 
contains the source explicitly. Integrating equation HG21|) 



^bk[G] 



-{H,nt)[X,J{X,G)]dX 



(C22) 



This is another example of the coupling constant in- 
tegration formula for the interaction energy of the ef- 
fective actions constructed in our review. Equation 
(jG22|l can be expanded in a standard perturbation the- 
ory. We take as the inverse unperturbed propagator 



Go 



- J(A = 0) ( namely G ) and as interaction vertices 



Hint and [J(A) — J(A = O)]?/'^-;/' as interaction vertices. 
This means that the perturbation theory contains two 
kinds of vertices , the first carries 4 legs and the second 
denoted by a cross carries only two legs and represents 
[J(A) - J(A = O)]V'^'0. The role of the second vertex is 
to eliminate the graphs which arc two particle reducible, 
this cancellation is illustrated in figurc l^ which demon- 
strates that for each reducible graph (i.e. one having a 
self energy insertion ), there is also a cross, their sum is 
zero as a result of the equation 



J[A] - J[A = 0] + S[A] =0 



(C23) 



This equation is proved by noticing that at a given 
value of A the Greens function of the problem is by defini- 
tion Go~^ — J(A = 0) — I][A] ~ G and since by defini- 
tion Go^^ — J(A = 0) = G combining these two equa- 



tions we obtain Eq. (jG23p . The role of the coupling 
constant integration is to provide the standard symme- 
try factors in the free energy graphs. 




O + x=o 

FIG. 52 Mechanism of cancellation of reducible graphs. The 
"X" denotes J(A) — J(A = 0) and the circles in blue are the 
self-energy insertions that make the graph reducible. 



4. The total energy 

In this subsection, we want to derive the relationship 
between the total energy of the system and the corre- 
sponding Green's function. Let us start by the definition 
of the Green's function 

G(xi,X2) = -(r,^(xi)V't(x2)). (C24) 

The non-interacting (quadratic) part of the Hamiltonian 

/3i7o = [ dxidx24'^{xi)HQ^,.,J{T^~T2mx2),{G2b) 



can be expressed by the Green's function in the following 
way 



/3(i/o) = j dxidx2HQ,„,J{Ti ^ T2){i'\xi)ij{x2)^C26) 

= J dxidx2H0,,,,Gix2,xi)SiT2 - ri +0+XC27) 

To get the interacting part of the total energy, we are 
going to examine the time derivative of the Green's func- 
tion which follows directly from the definition Eq. ljG24() 
and takes the form 



/ dG{xi,X2) 
\ 9n 



T2 

r2 



_Q+ = {^PHx,)[H~^in,iix,)]). (C28) 



The resulting commutator can be simplified by noting 
that the following two commutators take a very simple 
form 

J dx^lJ^x)[^l;{x),V] ^2V (C29) 
jdx^^{x)[^{x),Ho\ =Ho. (C30) 

where V is the normal-ordered electron-electron interac- 
tion. The factor two in the above equation follows from 
the fact that the interaction term is quartic in ip while 
Hq is quadratic. 

It is more convenient to express the equations in imagi- 
nary frequency than the imaginary time. Using the trans- 
formation 

G(xi,a:2) -T^e-*"("i-"^)G,„(ri,r2), (C31) 
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one obtains for the non-interacting part 
T j dncirziJOr.r, ^G',^(r2,ri)e*'^"+ = {Ho), (C32) 

while the time derivative from Eq. ljC28p gives 

(C33) 

I 
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